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AlINOTATION 


The basic technical theories of anisotropic plates and shells made 
of rigid reinforced plastics are reported In the book. Solutions of 
numerous technical problems most often encountered In engineering prac- 
tice are obtained, with recommendations on efficient design of elastic 
reinforced plastic parts. Some sections are entirely devoted to ques- 
tions of selection of the optimum structure of the material. 

The results obtained are valid for thin three ply plates and 
shells. If appropriate substitution Is made of the rigidity parameters, 
which are among the most efficient stress schemes for reinforced plas- 
tic structures. 

The book is Intended for engineering and technical workers who are 
engaged In the development of thin walled reinforced plastic structures. 
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FOREWORD 


Shells of laminated plastics made on a base of continuous fillers 
and various synthetic binders are multiply anisotropic, heterogeneous 
elastic systems. Some simplifying hypotheses permit study of deformed, 
stressed states of a shell to be reduced to study of bending and deforma- 
tion of a surface of reduction. In this case, the system of stresses 
which develop In normal sections of the shell are replaced by a stati- 
cally equivalent system of elastic forces and moments. 

It follows from St’ch a reduction that, to within the assumptions 
made, a structurally nonuniform laminated shell can be considered a uni- 
form shell, i.e., laminated plastics can be considered uniform materials, 
which have some reduced properties which are determined by the properties 
of the Initial components and the mutual location and orientation of the 
reinforcing filler. 

Skillful use of the abovementloned properties permits the develop- 
ment of extremely efficient laminated plastic structures which. In 
many cases, are not inferior In efficiency and technical character- 
istics to excellent structures made of traditional materials. The de- 
fects inherent In welded metal structures, which significantly reduce 
the critical loads or result in premature destruction, are absent In 
thin walled laminated structures. 

With the appearance of new structural materials, fiberglass plas- 
tics, the field of use of laminated plastics In engineering broadened 
substantially, and the technical and economic advantages of their use 
increased sharply. The development of methods of calculation of thin 
walled laminated plastic structures becomes of great practical impor- 
tance In this connection. The attention of investigators was first 
drawn to these qu.^stions by the founder of the Soviet School of Aniso- 
tropic Plates S.G. Lekhnitskly, the results of many years of study of 
which are reported In his monographs [16, 17]. 

The laminated plastics used In engineering have symmetrical elas- 
tic properties In the majority of cases, i.e., they are orthotropic 
materials. However, their principal directions of anisotropy may not 
coincide with the directions of the coordinate axes and, consequently, 
it becomes necessary to consider the elasticity relationships which 
correspond to the general case of anisotropy. For orthotropic materials, 
there are reliable methods of determination of the necessary mechanical 
characteristics In two principal directions of anisotropy. Moreoever, 
fundamentally new characteristics of the laminated orthotropic material 
must be known, which usually do not have to be dealt with In Isotropic 
uniform shells, namely: the shearing strength by layer and the trans- 

verse separation strength. These new characteristics of laminated plas- 
tics are associated with their structural Inhomogenelty and the signif- 
icant difference of the elastic and strength properties under various 
types of loads. 

This book reports an approximate method of accounting for the 
effect of Interlayer shear on the stressed, deformed state of laminated 
anisotropic plates and shells. In selection of simplifying hypotheses 
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for study of thin laminated shells. It was considered that the elas^ 
tic properties of existing cements and binders are appreciably less 
than the corresponding elastic characteristics of the reinforcing fillers 
and, consequently, the Interlayer shears which develop In the bending 
of laminated shells can Blgilflcantly distort the pattern of the de- 
formed state described by the hypotheses of nondeformable normals ex- 
tensively used In the theory of shells, especially when the shell op- 
erates under heating conditions. 

The results of thorough scudles of thin laminated anisotropic 
shells, with Interlayer shear and transverse deformation taken Into ac- 
count, are reported In the monograph of S.A. Ambartsumyan [1]. Since 
the corresponding rigidity parameters of a laminated sheet differ sig- 
nificantly, allowance for transverse deformation gives an extremely 
insignificant correction, and we will disregard Its effect. 

The proposed approximate method of calculation of laminated 
shells was used In study of three ply plates and shells, and It showed 
satisfactory correspondence with experimental results. Besides the 
usual elastic characteristics of a laminated shell, two new ones appear 
and K2, which define the connection of the cross forces to Inter- 
layer shears of the mean surface and characterize the resistance of 
the laminated shell to such shears In two mutually orthogonal directions. 
Laminated shell rigidity parameters and are determined experimen- 
tally In transverse bending tests of laminated strips and, consequently, 
they somevrhat compensate the errors which are tolerated by the initial 
hypotheses adopted. 

The results obtained in the work are valid for three ply plates 
and shells with a light elastic filler. If appropriate rigidity param- 
eters are used. This question Is presented in detail In the last chap- 
ter, where some stability problems characteristic only of three ply 
plates and shells with elastic fillers also are discussed. 

In distinction from the traditional courses on the theory of 
shells, the author attempted to discuss problems connected with effi- 
cient design of plates and shells made of reinforced plastics, sub- 
jected to the effects of the loads most frequently encountered In en- 
gineering practice. Chapters 8 and 13 are completely devoted to ques- 
tions of selection of the optimum structure of the material of cylin- 
drical shells operating under axlsymmetrlc loads. 

Tne present work does not cover many questions raised by modern 
engineering practice and the needs of machine building. Problems con- 
nected with large displacements of the mean surface of a shell. Includ- 
ing problems of stability are not touched on. Nonlinear elastic and 
inelastic deTormatlons of laminated shells are not discussed, and ques- 
tions of nonlinear oscillations are not covered. There Is no doubt that 
they will be treated in the works of other investigators in the near 
future . 
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LAMINATED ANISOTROPIC REINFORCED PLASTIC PLATES AND SHELLS 


V.I. Korolev 

CHAPTER 1. BASIC EQUATIONS OF TECHNICAL THEORY OF ANISOTROPIC PLATES 
AND SHELLS 

1. Initial Hypotheses and Basic Relationships 

We will consider laminated shells prodticed on a base of continuous /7* 
fillers and synthetic binders as uniform anisotropic systems, the elas- 
tic constants of which are determined by conventional methods. 

We use the rectilinear element hypothesis [1^1 fox* Irscrlptlon of 
the deformed state of the shell, "'his Is satisfactorily consistent v'lth 
experimental results for three ply plates with a light elastic filler. 

Based on this hypothesis and the assumption that the normal stresses 
are independent of Interlayer shear for the stresses which arise in nor- 
mal sections of a shell, we have the following expressions 


o, (e, -f rx'l -f c„ l^e, f- sx‘) -f (w -- 2 s xj); j 

o, = (e, -f 2 xJ) -t-c,s'ej + sx;i 4- + 2sx;h (1) 

T = c,, (e, -fsxj) -f e„(e, + sxj) «•*,((!» + 2s xj!, | 

where c^j ( 1 ,J“ 1 » 3 ) are the elastic constants of the material; 

e 2 » tu “Ts the relative elongation and shear of the mean surface of the 
shell; kt®, < 2 ^* *^ 3 ^ effective changes in curvature and torsion 

of the mean surface of the shell. 

As in [1^], for shearing stresses which act between the layers of 
the shell, the following expressions can be obtained 
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( 2 ) 


In distinction from thin three ply shells with an elastic filler, 
shearing through the layers In a laminate- shell change by a parabolic 
relationship and disappear at the bounding surfaces ?»+ 6 / 2 . 

We will account for the effect of surface load X, Y on the shear- /8 
ing stresses In the membrane solution, on the assumption, as In [ 1 ], 
that the shearing stresses change linearly through the thickness of the 

^Numbers In the margin Indicate pagination in the foreign text'. 
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shell 


We will characterize the shearing stresses between the layers which 
corresnond to shearing stresses (2) by the maximum shears which arise 
In the mean surface of the shell. Like the stresses, shears through the 
thickness of the shell change parabollca*!^ . 

By reducing stress system (l)-(2) to the statically equivalent 
system of elastic forces Tg, S and moments 0^, O^, H, the follow- 
ing elasticity relationships can be obtained for a laminated anisotropic 
shell 


T 1 1:- lifi + Bif Cj 4" fla ‘•'I 

S ~ fi|3 f, 4- Bjf e, 4- Bftta; 

• 

(3) 

' ■ '^ii ~ 

C, - — — /)j. xj — 20 „x^; 

// — BifKf ~ Xj — 20,3X3; 


(M 

Q, - 


(5) 

where shell rigidity parameters , K^, K 

2 (1. J-1. 

2, 3), in 


the case of a sufflclenf 


laige number of layers, are determined through 

°13* 

and shell thickness 6 by the following expressions 


reduced elastic constant;;! of the material c^j(l, j“l, 2, 3), 


G22 


Bii = Ci/5; Dij / — 1, 2,3); 

A'. 


( 6 ) 

(7) 


Where ^23 moduli of elasticity In Interlayer shearing. 

The rigidity parameters of a laminated shell also can be determined 
from the simplest experiments, which are described schematically In 
Section 8. 

By solving expressions (3) for the components of deformation, the 
known relationships, which will be needed subsequently, can be obtained 

— -g- (Oaf, + a,,r , -f a„5); j 

~ "s' I ( 8 ) 

(0 = — I 
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In the general case of anisotropy , elastic constants ^ 

2, 3) are Independent, and they are expressed through elastic constants 
by the expressions 
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A ■* "f 2Cl^^t^gegg — “ 




(9) 


The deformed state of a laminated shell Is defined by five random 
functions; three components of displacement u, v, w In the directions 
of coordinate axes 02 * which coincide with the lines of curvature 

of the mean surface of the shell, and by the external normals to the 
mean surface and by two functions ((i, ij) which characterize the bending 
of the shell without allowance for tha effect of Interlayer shearing 
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(12) 


As curvilinear coordinates a^, 02 on che mean surface of the shell, 

It Is advisable to consider only coordinates which form a rectilinear 
regular grid of coordinate lines. Geometrl£ally , this condition is re- 
duced to the requirement that vectors » which are tangent to /lO 

coordinate lines a^, not the collinear. For this, it Is necessary 

analytically that, of the three Jacobians 
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( 13 ) 


*(••!/) <(!>.?) g(l. ») 

<(a,.u,) * ^(a,.u,) ’ i (tt|, 0|) 


(where x, y, z are coordinates In the vector parametric representation 
of the surface) at least one be different from zero. 

If the coordinate lines coincide with the lines of curvature of 
the mean surface, the curvilinear coordinate is orthogonal, and we sub- 
sequently will use primarily such a coordinate system. 

In such a coordinate system. Lame's constants Ag are determined 
by the expressions 
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The equations of continuity of deformation for laminated aniso- 
tropic shells are written as In the case of isotropic shells, and they 
have the form 
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( 15 ) 


here e^, e2» to are the components of deformation and shear of the mean /II 
surface of the shell determined by expressions (10), and k^j^, <2* *^3 





the total changes of curvature and torsion of the mean surface, which 
can be determined by the following expressions 
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(16) 


2. Equations of Equilibrium of Laminated Shell and Boundary Conditions 

If the positive directions of the elastic forces and moments are 
selected as indicated in Fig. 1, the equations of equilibrium in the 
system of curvilinear orthogonal coordinates selected can be written 
In conventional form 


+ X = 0; 


0 ; 


da, ■ da, ‘ /J, / 

d(/l,G,) , d (AfH) /-I di4, I Yf dA\ i A 

da, + “dS; 

d^, a^, A An-n- 


da, 

g(-»,G,) , _d 

da, ’’ 


(17) 


in addition, for determination of the normal transverse stress a^, the 

following expression can be obtained, which characterizes equilibrium 
of the internal and external forces in the normal direction 


a, 


: [Z* (6» + 3fl» z - 4z») - Z - - 3fl» z 4- ^s®)) + 

+^[3(^r+%)-4^+*)]- 


( 18 ) 


where Z , Z” are components of the normal surface load applied to the 
upper (z»6/2) and lower (z»-6/2) bounding surfaces of the shell, respec- 
tively . 

The boundary conditions for an anisotropic laminated shell, the 
deformed state of which is described by the rectilinear element hypoth- /12 
eses, differ significantly from the boundary conditions for shells •■;hich 
F.ce deformed by the direct normals principle. We subsequently limit our- 
selves to cases when the edge of the shell coincides v?lth the coordinate 
lines In the case of closed shells or shells closed in one direction. 
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the boundary conditions are replaced by the corresponding periodicity 
conditions, which should ensure well defined movement at any point of 
the closed coordinate line. 


/ 



Fig. 1. Adopted positive directions 
of elastic forces and moments. 

Variation of the potential energy of a laminated shell Is ter- 
mlned by the following expression 


t)U 6e, “h 7'j fl®, -j- 5 6 w — 6r , fiKj — G, fix, 2H 6X| ■ 

— + f Ybv + Z&w) AiA^daida,. 


(19) 


By substituting relationships (10)-(12) In Eq. (19), we obtain 
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By partial integration, we obtain 
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— /l,4,-^ + i4,v4,A] 6u-f 


f 


«AJ, . 0A,S 
tfuj" Oat 


OAJt 0/4tA’ 


T I C 

^*•5^7 + ^ 


7» OAi j ^ OAt 

• «‘xr + * ■557 
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( 21 ) 


On the strength of the independence of variations of 6u, 6v, 6w, 

6(|) and fi'P, the boundary conditions and equilibrium Eq. (17) follow as 
a result of this. 

We present the boundary conditions for an edge which is bounded 
by the coordinate line a^«const. The boundary conditions are decomposed 

xnto boundary conditions for tangential forces and movements and bound- 
ary conditions for normal forces, moments, deflection and displacement 
functions 4), 4'. 

The following uniform boundary conditions • can occur for the tan- 
gential forces and movements 

1 \ 0. 5-0; u = 0. 5 =- 0; 1 

r, =- 0, y = 0; u = 0, = 0. I (22) 

Correspondingly, for the normal forces, moments, deflection and 
displacement functions 4>, , the following uniform boundary conditions 

(canonical form) can occur 


Gi~ II =» == 0; 

G I — // =» u> = 0; 

0 ; 

C, -= i|) : w — 0; 


«p = ^ = ^, = 0: 
qp =. II w ~ 0; 
»P 'I’ == <?i 0; 

«p — \j) jy - 0. 


(23) 


In the case of flat plates, conditions (22) and (23) determine /l^ 
the boundary conditions for the two dimensional problem and for bending, 
respectively. For shells, boundary conditions (22) and (23) are set, 
i.e., when the deformed state of a laminated shell is described by the 
rectilinear element hypotheses, an extremely great diversity of bound- 
ary conditions can occur, namely, 3- different cases of canonical edge 
supporting anchors. 
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Thus, for example; 


a. unsupported edge 

b. rigidly fastened edge 

u»v"W"(|)»i|)"0; 

c. edge unsupported in the tangential direction and rigidly 
fastened in the transverse direction 

d. an edge rigidly fastened in the tangential direction and 
unsupported in the transverse direction 

u“V“G^«H"Qj^«0 


etc . 


There is a diversity of boundary conditions because, compared with 
the undeformable normal hypotheses, the rectilinear element hypotheses 
take into account two additional degrees of freedom of movement, which 
are characterized by the magnitudes of the Interlayer shears in two di- 
rections . 

3. Laminated Shells of Varied Orthotropic Structure 

As has been noted, laminated shells produced on a continuous filler 
base can have diverse structures, depending on the mutual location and 
orientation of the filler. 

We will assume each unit layer to be uniform and orthotropic, with 
elastic constants E^, E 2 , G, v^, V 2 ; the well known relationship E^V 2 “ 

E 2 V|^ occurs here. 

1. If the principal axes of anisotropy coincide with the coordi- 
nate axis in production of the shell, the material of the laminated 
shell will be crthotroplc, its elastic constants will coincide with the 
elastic constants of the unit layer and basic relationships (3)-(5), /15 

which connect the deformed and stressed states of the shell, are sim- 
plified and take the form 


T*! - (e, + v,e,): 

r, = + 

S -■= Ba w; 

G, - -Z),(x; + v,x;): 
G, = —Da (xj -f v,xj); 
H^-2DaV.\\ 


(2M 

( 25 ) 



c>, = 


( 26 ) 


where the rigidity parameters of the shell are determined by the ex- 
pressions 


li ^ 

> 1-V,v, 




l-v.v, • 


D, 


£, 6 » 


12(l-v,v.) • 


A', --=|Gn6: 


A* 


(27) 


By solving Eq. (2^<) for following relationships can 

be obtained ^or an orthotropic shell 


e* ■-= 


^i-vi Ti 
«i(l— v,v,) ’ 
7*8 — r I _ 
7<2(1-ViV,) ’ 
A’ 


(l) = 




(28) 



Pig. 2. Diagram of 
reinforcing of ortho- 
tropic plate rein- 
forced in directions 
not coincident with 
the coordinate axes. 


where 


2. If the shell is produced In such a 
way that the principal direction of anisotropy 
with modulus of elasticity forms angle (j> 

with coordinate axis (Fig. 2), the basic re- 
lationships which connect the stress and de- 
formed states of the shell are defined by general 
expressions (3)-(5). However, since the shell /16 
material is orthotropic, elastic constants c^j 

will not be Independent, but they will be deter- 
mined through four Independent, for example, 

E^, E^, G, by the known expressions 


c„ ~ £',cos*<p+ 2£sSin*<pcos*(p -f £jsin* 9 : 

c„ — £j Vj -f (El + Ei — 2E3) sin® <p cos® 
r,3 = £, sin* tp -f 2E3 sin* 9 cos® 9 -f A, cos* 9: 
c.-M = G + (A, + /Sj — 2E3) sin* 9 cos* 9; 

Ci3 ~ 4" (Bj sin® (p — Bi cos® 9 + E3 cos £9) sin 29: 

C33 = Y (£j cos® 9 — A, sin® 9 — £3 cos 29) si n 29, 



g. 

1-VjV, 



gf 

1— VjV, 


: £3 = 2G f A'j V,. 


(29) 


(3C) 
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Elastic constants a^j (1, J-1, 2, 3) in Eq. f8) also are not inde- 
pendent, and they are determined by the formulas 




(31) 



Fig. 3. Diagram of rein 
forcing of orthotropic 
plastic with crossed 
bias reinforcing. 


3. Still another case of practical 
Importance can be presented, when the struc- 
ture of a laminated plastic ensures that It 
has orthotropic elastic properties [14]. 

With a large number of unit layers which 
are cross laid at angles +(J> (Fig. 3), the 
laminated plastic can be Considered ortho- 
tropic. 

In this case, the basic relationships 
which connect the stressed and deformed states 
of the shell are represented by expressions 
(24)-(26). The rigidity parameters of the 
shell are determln^'d by Eq. (27), where E^, 

®2* '^l elastic constants of the 

laminated material. 


E 0 
*^1 * 
(27) 


If the elastic constants of a unit orthotropic layer of filler 
^ 2 ^* known, the following should be assumed In Eq. 




‘■lit 

2 - * 




V, 


c = 

ill 


^ 33 * 


(32) 


where C 22 » '^12 determined by relationships (29), i.e., 

they depend on the cross laying angle of the filler. 
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CHAPTER 2. CYLINDRICAL BENDING OP RECTANGULAR PLATES 

General Expressions for Calculation of Bending of Laminated Beams 

Some simplest cases of* determination of the deformed and stressed /18 
states In cylindrical bending of rectanc'Jlar plates with bending rigid- 
ity D and rigidity K with respect to Interlayer shear are discussed In 
this chapter. For extremely narrow plates, the Poisson coefficients 
In the expressions for D should be considered to equal zero. All the 
results obtained below are presented for a strip of unit width. 

The coordinate system and symbols adopted In this chapter are In- 
dicated In Pig. It IS assumed that one of the principal directions 
of elasticity coincides with the x axis. The basic elasticity relation- 
ships In accordance with Eq. (2il)-(26) have the form 


G =» — Z?<p'; Q == — ^ (*P ”f" 


(33) 


limmiinititlini 

t 




From 

equations 


Eq. (33) and the equilibrium 


Q’— p; G'-Q, 


(34) 


general expressions can be obtained 
for determination of the stressed and 
deformed states of rectangular strips 
In cylindrical bending. Since system 
of Eq. (33), (34) Is equivalent to one 
fourth order differential equation four 
random Integration constants appear in the general solution, which are 
determined from the boundary conditions 


I- 


Fig. 4. Coordinate system 
basic symbols. 


and 


Q = —px -f C{, 



^ 1 ** I f . 

_ _ ^ Cj, 


w 


Pfi , x(p , C, \ 

6Z) "*■ \ A' 2 

-(^ + Cs)z + C4. 


(35) 


General Eq. (35) are valid along the entire length of the strip, /19 
and only constants Ci(i*l, 2, 3, 4) differ In sections which differ by 
the nature of the loading or by rigidities D or K. To determine the 
new random constants with each such section, the conditions of smooth- 
ness and continuity of conjugation 


Wk = u>k*i\ q>fc = <pn + i: = = (?*♦!. (36) 

are added to the boundary conditions. 
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. Bending of Cantilever Strip with Concentrated and Unif ormly 
Istrlbutea Loads ^ 


a. Bending of cantilever by concentrated force applied on uns up- 
ported end (yig? 5). kther determination of* constants C|(J"1, 2, 3» *0 
from the boundary conditions 

w“0; (j)«0 at x"0 

0"0; Q»p at x»a; 

from Eq. (35)» with p“0, we obtain 


C a* P (ar — /); Q P', 




(37) 


' ■ / 

m — 




4 

/ ^ 





Y////A 

p 


The maximum deflection of the /20 
strip at the unsupported end 


=-377 (1+3 y ) 


(38) 


Pig. 5. Diagram of bending of 
cantilever by force applied to 
unsupported end. 


Here and subsequently, the sym- 
bol for the relative give of the 
strip by Interlayer shearing Is In- 
troduced 


kw 


y//^uunuiiiitlUllug 





— t 



(39) 


Correspondingly, the greatest 
values of the normal and shearing 
stresses are 


Fig. 6. Diagram of bending of 3^ 3P 

cantilever by uniformly dls- Om** = -gr- ; ~ IT IT * 

tributed load. 

b. Bending of cantilever by uniformly distributed load (Fig. 6). 
By determining the random constants in a manner similar to the preced- 
ing from the boundary conditions 


w“0, <|>=0 at x*0; 

G«0, Q®0 at x*4, 

we obtain 
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V “ -S' (*• — 3/* 4- 3/*); j 

u' - - “ 4/*« + 6/** - 12 y (* - 2J) /‘J. 

The maximum deflection of the unsupported end of the beam is 

|wU,»-fg-(l + 4Y). (^2) 


6. Bending of Hinge Supported Strip 

We consider several cases of loading of a strip which are most 
often encountered in various engineering applications. 

a. Pure bending of strip (Pig. 7). Integration constants /2l 

2, 3» can be determined, for example, from these boundary condi- 
tions 


ir = 0, = 0, C = Mo at ar = 0; 

f = 0 at 

<?-0, G-Mo: 


(ii3) 



Fig. 7. Diagram of pure bending 
of strip. 



w ^ 


I 

Ui. 

J 

J 

r 

h \ 


Fig. 8. Diagram of bending of 
, hinge supported strip by concen- 
trated force applied In center. 


The maximum deflection of the 
center section of the beam 

I , Mol* 

=--g2J-. (44) 


In pure bending. Interlayer 
shear Is absent, and the greatest 
normal stresses are constant ever 
the length of the strip. 

b . Bending of strip by concen- 
trated force applied In middle sec- 
tion (Fig, b). Because of symmetry, 
the left half of ,ie strip alone can 
be considered 0<x<l/2. 

Boundary conditions: 
at 1 = 0 w =0, C=0, Q = 
at X = i- <p = 0. 
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obtal? 


After determination of random constants C. (J«l, 2, 3, we 

r* V 


W 


Q » 

tp SSf 

Pt 


p . 

2 ’ 

P 

mi 


Pt 

2 




4827 (4**-3/«-24y/*). 


(^<5) 


The maximum deflection In the center of the strip 


/22 




(i<6) 


The greatest shearing stresses are constant In each half of the 
beam, and the absolute value Is 


Tinti = -r T" 


1 jL 

4 6 


(47) 


The normal stress In the critical section of the beam 




ZPl 
26» ' 


(48) 


c. Bending of strip under uniformly distributed load (Pig. 9). 
After determination of the random constants from the boundary condi- 
tions 


at * * 0 O’ = 0, C = 0; 
at * =- -j <P = 0, ^ = 0, 


we obtain 


w = - 2/1* + /* + 12y (/ - *) /®|. 


(49) 


imumiiuHiiinii 

P 

X 

' ' ‘ ] 

A ^ ^ 

r 


Fig. 9. Diagram of bending of 
hinge supported strip by uni- 
formly distributed load. 


The maximum deflectlor. of the /23 
strip In the center 


I U’lmii == -^2T (^ "^ ^®Y)- (50) 


The greatest shearing stress be- 
tween the layers occurs at the ends of 
the sti’ip 

w = (51) 



The normal stresses in the critical section 




3 pi* 

T~W' 


( 52 ) 


y. Bending of Rigidly Fastened Strip 

In the case of rigid fastening of thr ends In the simplest cases 
of loading, It Is especially easy to obtain expressions for the elastic 
forces and deflection. 


a. Bending of strip by concentrated force applied In center (Fig. 

10 ). 



The boundary conditions 

P 

at x»0 w«0 

0 

at x-j 4)"0. 

After determination of the random 
constants, we have 


Fig. 10. Diagram of bei;dlng 
of strip with rigidly fasten- 
ed ends by concentrated force. 



^ X= ~ ; G — — ly, 

q) = _ — /); 


( 53 ) 


The maximum deflection In the center 
of the strip 


k|m« = i^(l+48Y). (5^0 


Fig. 11. Diagram of bending 
of strip with rigidly fasten- 
ed ends by uniform loading. The shearing stresses are constant /2k 

over the length 


„ 3 ^ 

' 44 * 


( 55 ) 


The normal stresses In the critical section 

3PI ( 56 ) 

Om*l - • 

b. Bending of strip by uniformly distributed load (Fig. 11). 
The boundary conditions 
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at 

x«0 

w«0. 

4,-0; 

at 


■ 

o 

Q*0. 


Accordingly, for the elastic forces and deformations of a sheet, 
the following expressions can be obtained 


12y *(/ — *)/*!. 

The maximum deflection In the center 


(57) 


(58) 


The greatest shearing stresses arise at the ends of the strip 


T =.l2l 

^mui =* “jjj” . 


(59) 


The normal stresses in the critical center section of the 


strip 


_ pi* 


( 60 ) 


8. Experimental Determination of Elastic and Rigidity Pa r ameters of 
Orthotropic Laminated Shells 

For determination of the complete set of rigidity characteristics /25 
of a laminated orthotropic material, tensile, torsion, clean and trans- 
verse bending tests of rectangular strips cut in the principal direc- 
tions of anisotropy are required. 

With standard specimens under tension, tensile rigidities B^, 
moduli of elasticity E^, and Poisson coefficients ^2 ai’e obtained, 
which should satisfy the condition Ej^V 2 “E 2 V|j^. 

Flexural rigidities of the laminated shell D. D, are determined 

1 9 d. 

by Eq. (27), if the reduced flexural and tensile and flexural moduli 
of elasticity are the same. Otherwise, flexural rigidities must be 
determined in clean bending tests of rectangular specimens according 
to the symmetrical two cantilever beam system (Fig. 12). 

It evidently is advisable to provide for clean bending tests in 
the principal directions of anisotropy in all cases, if only as con- 
trol tests, the more so that they are the simplest. 
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If the deflection of a atrip In 
the center section measured under 
load Is Wq and the width of the strip 

Is b, the flexural rigidity Is deter- 
mined by the formula 

( 61 ) 


Fig. 12. Diagram of clean bend- 
ing test. 



Fig. 13 . Diagram of torsion 
tests . 


The torsions] ’Igldlty of a 
plate D^t shear modulus G and, con- 
sequently, shear rigidity are 

determined by torsion tests or by 
transverse bending tests of rectan- 
gular or square plates loaded with 
four equal balanced concentrated 
forces applied to the corners of the 
plate (Fig. 13 ). 

Torsion tests of specimens cut 
In the other principal direction of 
anisotropy are control tests. 


As the results obtained above show, the effect of Interlayer shear- /26 
Ing of laminated plates in the deformed and stressed states depends on 
the relative thickness of the plate, the boundary conditions and the 
nature of the load. It Is evident that, for determination of the rigid- 
ity parameters of a plate. It Is more advisable to use transverse bend- 
ing tests by systems of hinge supported or rigidly fastened beams. 


If, for example, the deflection of a hinge supported strip of width 
b, measured In transverse bending tests with loading force P applied In 
the center of the span is Wq, the rigidity of the laminated plate with 

respect to shearing between the layers is determined by the formula 


K 


\2DPl 


(62) 


By conducting such tests of strips cut In both principal directions 
of anisotropy, we obtain rigidities K 2 . 

In this manner, the simplest mechanical tests of rectangular strips 
cut from a laminated plate completely solve the problems associated with 
determination of the elastic and rigidity characteristics of laminated 
shells . 

If a laminated shell Is bent In one or both directions, the fabrica- 
tion of flat control samples should be provided for, which are cut under 
the same technological conditions and go through the same heat treatment 
as the shell itself. 


To obtain control aamplea, it la advisable to provide for tech- 
nological margins In the fabrication of an actual structure, which are 
then cut Into samples for mechanical testing. 
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CHAPTER 3. AXISYMMETRIC BENDING OP CIRCULAR PLATES WITH CYLINDRICAL 
ANISOTROPY 


9. Equations of Bending of Circular Plate and General Solution under 
Axlsyrmeirlc Loading 

We consider a circular plate of constant thickness made of a cy- /27 
lindrically orthotropic material (Pig. 1^<). 





It Is assumed that the axis of 
anisotropy passes through the center of 
the plate perpendicular to the mean sur- 
face, and that the principal axes of 
elasticity coincide with the axis of 
anisotropy, with radial and circular 
directions. A load distributed symmet- 
rically about the z axis acts on the 
plate normal to the mean surface. 


In conformance with Eq. (10)-(12), 
Fig. !<♦. Sketch of circular (2^1), (26), in axlsymmetrlc deformation 
plate and basic symbols. of the plate, the basic relationships 

which connect the stressed and deformed 
states of the plate have the form 


= + v,u'). 

Gi = —Di : 

C, — + v,<p'^ . 

^1 = + 9)- 


(63) 

(6ii) 

(65) 


For determination of radial displacement u, plate deflection w 
and deformation function <(), we have three equations of equilibrium 


{rr,Y-T,=^0- 
(rC,)' -G, = rQ,; 
(rQiY + pr=0. 


( 66 ) 


System of differential equations (66) Is decomposed Into two 
systems relative to u and w, and (J> 


9 ' + 


u' + 
q>' 






u = 0; 


u>' + qi = 


pr 


2A-, 


pr C|_ 

2Di Di 

£l-± 

~ Ki r ‘ 


(67) 

( 68 ) 
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where is the random Integration constant and 


General solutions of Eq. (68) have the form 


2 r ’ * 


>1 ■** a*-'i) Ui 


( 69 ) 


1 n r • 


^1 _^+ I I 

T+T'^ +r=T 




r ^ n r p(3-fv«)r« , (t-fv«)Ci , 
l2(9-X*) /), +(X»-1) /), + 

+ Cj(X + V5)r^-' - C,(X - Vs)r-'^+‘>] ; 

® * L7{9=W1», ^ ^ 

-I C,(l |-Xv,)i^-' +C,(l-Xv,)r-<^‘-‘>] . 


(70) 


Integration constants C^, C^* 0^ are determined from the 

boundary conditions at the edges of the plate. In the case of a solid 
plate, the boundary condition on the inner profile is replaced by the 
condition In the center of the plate with r®0, which 1s reduced to the 
requirement of limitation of deflection of the plate or the finite na- 
ture of the bending moments, or the cutting force as a function of the 
type of load. 

General solutions (70) permit various cases of symmetrical loading 
of the plate to be considered with diverse boundary conditions. 

10. Bending of Solid Circular Plate by Uniform Load 


Let a solid circular plate be bent by normal pressure uniformly 
distributed over the upper boundary of the plate (see Fig. l4). 

In this case, by virtue of the finite nature of the deflection in 
the center of the plate and the absence of rotation of the normal, 
C^*C 2®"0 and, consequently. 




8(<J-X*) Ox X+1 




(71) 


2(9-X») 


7>7 + ^/ 
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a. Edge of Plate Hinge Supported 


By determining constants C^, from the boundary conditions with 
r"a, w"0, G^*0, we obtain 


Iff 


pa* 


[ 


(•S'-*)] ' 


______ a-3)().4-4-fVt) 

8(*J-1*) />, L (X + v,)(>.+ l) 
4(3-fv.) M , 2{9~>.*) D, 
(X+IHX + v,) V « / Aia* 


C, = — 


(1-* - 3 V, ) X* pal r / 1. \* _ (3 + v»)(H-Xv,) / ^ \ 

L\ « / (X + v,)(l+3v,) V a / 


x-r 


2(«-X*) 


(72) 


The maximum deflection In the center of the plate Is determined 
by the expression 


I U* Iran = 


pa*(X-f4 + Vt) I pa* . 

8(X + 3) (X + Vg) (X-f l)/>, 4A, • 


( 73 ) 


and, at the edge of the plate (r«a) 


Gi 


o n — P‘»*^*0-V|Va ) 
2(X + v,)(X + 3r- 


(7^^) 


In the center of the plate, bending moments G^“G2®0 if X>1, or 

they increase Indefinitely if X<1, l.ec, the stressed state depends 
essentially on the nature of the anisotropy. 

b. Edge of Plate Rigidly Fastened 

In this case, we obtain 


/30 


Iff 


G\ 

G,- 


(3 + v,)pa* X-tVi • 

2 (9 -IT” L\ a / 3 + v, \ a J J ’ 

(l + 3v,)X»f>a* 1 +Xv, /' r 

2(S1-X*) l\a,l l+3v,\a; J 


( 75 ) 


The greatest deflection in the center of the plate 


|l^ jmaa - 


Pf 

8(X + 3) 


po 


4A' 


( 76 ) 
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( 77 ) 


The bending moments at the edge of the plate 


Gx 


pa* 

2,'3 + X) • 


G, « v,C,. 


In this case, the stressed state of the plate depends essentially 

O 

8fl the nature of the anisotropy. If X‘^>1, the maximum stresses develop 

p 

at the edge of the plate. If X <1, the stresses In the center Increase 
Indefinitely . 


Thus, If a laminated, cyllndrlcally orthotropic, circular plate 
operates under uniform normal pressure, the modulus of elasticity of 
the material In the circular direction should be greater than the mod- 
ulus of elasticity of the material In the radial direction. It Is ad- 
visable to use laminated plates which do not satisfy this condition for 
the manufacture of circular parts. If, for some reason, a plate should 

2 

be made of a material, for which X «E2/Ej^<l, the center of the plate 

must be reinforced with an absolutely rigid disk, l.e., a disk the 
flexural rigidity of which Is considerably greater than the flexural 
rigidity of the plate. 


11. Bending of Solid Circular Plate by Concentrated Force 


Let a solid circular plate made of a cyllndrlcally orthotropic 
laminated plastic be bent by normal concentrated force P applied to the 
center of the plate (Fig. 15). In this case, p“0, C^=-P/2 tt, must /31 

be set in Eq. (70). We then obtain 




w 


Pr* 


+ 


P In r 


•P 2 n (X*-l) 


2nA'i 

Pr 


C% 

X + 1 

+ c/. 


+ G,; 


(78) 


a. Edge of Plate r=a Hinge Supported 


The stressed, deformed state of the plate Is determined by the 
expressions 




G,- 


«P 


2n (X» 

Pd-fv .) X* 
2 «(X* 


■ 1 ) 


li (l+v«)( 14 -Xv,) t r . 

L (x+v,)(i+v,) V <» / J’ 


w 


2«(X* 
Pa* 


4 n(X»-l) 


Di L\ a ; (X + V,)(X+1) \ a) 


(X- 1 ) (X-f 24 -v,) ] , 

(X + v,)(X+l) J 2 nA', • 


(79) 
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The deflection In the center of the 
plate reverts to Infinity. Consequently, 
in transmlnslon of the force, distribution 
of the load over a definite area must be 
ensured, or a rigid disk must be incorpo- 
rated in the center of the plate. 

b. Edge of Plate Rigidly Fastened 

In this case /32 


Fig. 15 . Diagram of bend' 
Ing of circular plate by 
force applied to center. 






. /’(i + v.) r, o.+v.) ( r . > 
■2n(>.*-rrL* l + v, \ a ) J* I 

A'(«+V,)X« Pi < + >.V| / r \fc-n 

■-1) L l + v, U / J • 

Pa 


2n (X*- 


[( a ) ( a ) ] ’ 

^ I) (>. + 1 ) /^, [(^ + 0 (t) ' 


-2 



-(i-1)] + 


/*ln — 
a 

2rtKi^ * 


( 80 ) 


In this case, the load also should be transmitted through a rigid 
disk in the center or it should be distributed over a certain area in 
the center of the plate. 


Relative to stress distribution, the same conclusions are valid 
as those made in the preceding section. For the fabrication of circular 
plates operating under locally distributed load applied in the center of 
the plate, it is advisable to use plates the modulus of elasticity in 
the radial direction of which is greater than the modulus of elasticity 
in the annular direction, i.e., X<1. 

It is of Interest to note that precisely such anisotropy of elastic 
properties develops in circular disks strengthened with radial stiffen- 
ing ribs. However, radial ribs which converge in the center of the 
disk form a rigid hub. For more favorable stress distribution in the 
reinforced disks, annular strengthening ribs should be provided. 

12. Bending of Circular Plate with Rigid Disk in Center by Uniform 
Pressure 


We now consider a circular plate made of cyllndrlcally orthotropic 
laminated plastic, subjected to uniformly distributed normal precsure. 

The inner profile of the plate is rigidly fastened to a massive disk /33 
located in the center (Fig. I 6 ). 

In this case, we have C^=0, Q=-pr/2 and, consequently. 
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ORIGlNAt WOl » 
OF POOR QUAUTY 


4A'i 6{9-k*)Dt 

x+i T r^Ti * 

*•’ “ 2(0-^*)/)| ■** ■+ 5 

+ C,(l-Xv,)r-“*‘>J . 


( 81 ) 


a. Edge of Plate r°a hinge sup- 
ported (see Fig. l6) . fty satlsf'ylng 
boundary conditions w»0, G-,"0, we obtain 



r g-vi)g^*^-f3-f v« . 

Ti9~m'Di (X-vj7»*+ll + v, • 

r (3 + Vt)Q^'^-g + v.) 

2 (9- ).»)/>, (X-vjQ*^ + X + v,’ 

where (^q = . 


(82) 


- 0 «- 


Fig. 16. Diagram of bending 
of hinge supported circular 
plate with rigid disk in cen- 
ter by uniformly distributed 
pressure . 


At edge r»a of the plate 
ing moments 


the bend- 
(83) 


Gi = 0, Gf — 


poU*(l-v,v,) (X + 3)e"^-2Xo^** + i-3 
2(9-X») (X-v,)B*^ + X + v, 


At the edge of the plate around the 
the inner disk 


2(9-;t*) ^ 

(X-v,')(3>-X)gg^-2X(3 + Vi)c^~* + (^-<-3)(X + v,) 
(X— v,)q*^ + >, + v* 


(8i^) 


b. Edge of plate r=0 rigidly fastened (Fig. 17) 


where p=b/a. 




i-o"*® . 

c, = - 

2(9-X»)A>, 

i-e=" ’ 


pb^** 

i-o"-® 

Cj — - 

2(9-X*) Di 

i-c2^ ’ 


( 85 ) 




Fig. 17. Diagram of bending of 
circular plate with rigidly fas- 
tened rim and disk In center by 
uniformly distributed pressure. 


At the edge of plate r-a, bend- 
ing moments 


2(9^ . 

6, «= v,C,. 


( 86 ) 


Correspondingly at the edge r"b , 
we obtain 




pb* X4-3-2>iO^~^-)-(l-3)o' 




2{9-K*) 


1-Q 


w 


C, -» v,G,. 


(87) 


In both cases considered, the greatest tangential stresses arise 
on the outer profile of the plate 


Tinai 


'Spa 

b • 


( 88 ) 


13. Bending of Circular Plate by Forces Applied to Rigid Disk In Center 


Let a circular plate fastened In an absolutely rigid disk be load- 
ed by an axlsymmetrlc system of normal forces applied to the disk. If 
the resultant equals P, C^»-P/2n and, consequently, according to Eq. 

(70), with f,*0, the bending moments and deformation are determined by /35 
the following expressions 


P(r»-n») , /• r r, *) , 


>.+ l 


+ X-1 

Pi' 1 ^ X ( 

2n(X«'-l)ZJr + ^*'^ ’ 


C. = D. [ 


2n(X*-i))y, 


_C,(1 + V,)/-' 4- 




C,(l - 1 - 


a. 


2n(X»-l)/i, 

Rim r°0 hinge supported (Fig. 16), 


(89) 


^ />«-(>-» i+vs+a-v,)c^*‘ 

(;t-v,)c2>- + K + v, ’ 

C v,_ 

® 2n(A*— 1)0, (X— v,)g“^ + X+v, 


(90) 
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Fig. 18. Diagram of bend 
Ing of hinge supported 
circular plate with rigid 
disk in center by forces 
applied to disk. 


On the outer profile of the plate, bend- 
ing moments 


C, *= 0; 

• ” 2fl(X* — I) V, 


(91) 


Correspondingly, on the profile of the /36 
rigid disk, we obtain 


y (X - 0 (X- V.) 0^^ -t- 2Mi + Vi) - (X + < ) (X -f Vf ) . 

(X— V,)Q*^ + ).+V, 

C, = v,C,. 


b. Rim of plate r«a rigidly fastened (Fig. 19). In this case, 
the following can be obtained 


2nO.*-^)D^ 

^ 1-0^" ‘ 

“ 9.n(K*-l)b\ • 


(93) 


The respective bending moments on the outer and inner profiles of 
the plate 


2«(X‘-1) 
p 


(X + 1)o"^-2Xo^**-f-X-t . 


1-C 

n 

•c 




G, = V, 6,1 


= IKlxnil) . Gi=.v,G,. 


(94) 

(95) 



Fig. 19. Diagram of bend- 
ing of circular plate with 
rigidly fastened rim and 
rigid disk in center by forces 
applied to disk. 


In both of the boundary condition 
cases considered, the greatest shearing 
stresses arise on the inner profile of 
the plate 


3P 


(96) 


14. Bending of Annular Plate by Load 
Uniformly Dls^ibuted Over tnner t>roflle 

Let an annular plate made of cy- 
lindrlcally orthotropic laminated plas- 
tic be loaded with load P®2irbq uniform- 
ly distributed over the inner profile 
(Fig. 20). With different fastenings /37 
of the outer profile of the plate, the 
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Fig. 20. Dij^gram of bending 
of annular plate with hinge 
supported outer rim by forces 
uniformly distributed over 
Inner profile. 


elastic forces and deformations are de- 
termined by general expressions (89). 

a. Rim of plate r«a hinge supported. 
In this case, It is easy to obtain 


r il-VlI) . 


( 97 ) 


The bending moments on the Inner 
and outer profiles of the plate are de- 
termined by the following respective 
expressions 


G,= -. 


Gi»0; 
r x»(i-v,v,) 


2a(A.»-l)(K*-v;) 
(X-^v,)G■4^1)Q*^-2X(l + v.)Q*♦‘-(K-l)(X~v^) . 


G,= 


G, - 0: 

PX«(t~V|Vt) 


2n(X*-l)(X‘-v|) 

.. (X-v,)(X-l)0^^ + 2X(l-»-Vi)0^~*-a + l)(X-fVi) 
X — 


( 98 ) 


( 99 ) 


b. Rim of plate r«a rigidly fastened (Pig. 21). In this case, 
the following can be obtained 


X-v. +(l+v») 0^*!. . 

2n(X*-l)Dr (X-v,) + (X+v,)e*'‘ ’ 

pi,K*t l + v,- (X + v,) 0 *’-* 

X-v, + (X + v,)fi^ 


( 100 ) 


On the Inner profile of plate r=a, the bending moments 


G = V 

‘ 2.1 (/.*-!) 

X (>• -f t) ()■ -f v») 2 /. (1 -f- Vj) Q*-* ' - (>. - V.) (>■ - 1 ) . 

/.-v,4-(X + v,)e2>. 

C 2 — V, C I . 


( 101 ) 


Correspondingly, on the inner profile, we obtain 
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G, - 0; 

^ p M (I -v,v,; 1) fT *- f i 

* 2.1 (>-• - 1) x-v, + (). + v,)oa^ 
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Pig. 21. Diagram of bend- 
ing of annular plate with 
rigidly fastened outer rim 
by forces uniformly ap- 
plied over Inner profile. 


In both cases considered » the great- 
est shearing stresses arise on the Inner 
profile of the plate 

( 103 ) 


It Is easy to determine that Iw Is 
advisable to make annular plates with a 
small opening In the center of laminated 
plastics, the modulus of elasticity In the 
radial direction of which Is greater than 
the modulus of elasticity in the annular 
direction. 

15. Bending of Circular Plates with 
Annular t^lber Reini’orcfng 



A characteristic example of the practical use 
of circular cylindrlcally orthotropic laminated plates 
Is circular plates made of synthetic polymers and re- 
inforced In the annular direction with a fiber filler, 
fiberglass, for example. As has been noted, rein- 
forcing of the plate only In the annular direction 
permits more efficient anisotropy of properties and, 
consequently, a more favorable distribution of stresses 
to be produced. 

We consider a circular plate reinforced In the /39 
annular direction with uniformly placed fibers of cir- 
cular cross section (Fig. 22). 


Fig. 22. Cir- 
cular plate with 
annular fiber 
reinforcing. 


If the reinforcing fibers are located at uniform 
distance 1 in each layer, the basic relationships 
which connect the stressed and deformed states of the 
plate can be presented In the form 


G, ^ -f V, : 

<?t^ — + <f)- 


(lOi*) 


Flexural rigidities of the plate in the radial and annular direc- 
tions D^» D2 and Poisson coefficients v^, are dfefeermlned by the fol- 
lowing expressions 


28 


( 105 ) 


He o- 

i2 (I - V*) 


D^- D 

... i)[i+ 1 ^] « />(! + ky, 

V, = v; V, 


D 

O, 


where Ejj, are the moduli of elasticity of the fiber reinforcing and 

binder; v Is the Poisson coefficient of the binder; c Is the cross sec 
tlon radius of the reinforcing fiber; £ Is the distance between the 
reinforcing rings. 

Such plates have a favorable elastic property anisotropy, since 
the following relationship occurs 

^ . |/.gL « I (106 ) 


Thus, for the calculation of laminated circular plates with uni- 
form annular reinforcing, all the formulas obtained In the preceding 
sections are applicable. In the loading of such plates, both continuous 
and with an opening in the center, concentration of stresses and Im- 
permissible increase in deflection do not occur. 

Simultaneous reinforcing of a plate In the annular and radial 
directions obviously is Inadvisable with respect to stress distribution 
and complexity of production. 

The basic difference of laminated circular plates reinforced only /^O 
radially Is that the anisotropy of their elastic properties changes 
radially . 

16. Bending of Circular Plates with Radial Fiber Reinforcing 

We consider a circular annular laminated plate obtained by bond- 
ing layers reinforced radially with a fiber filler (Fig. 23). 

Evidently, the packing density of the fiber filler satisfies the 
relationship 


where r, is the cross section radius of the fiber filler. 


The aperture angle of the fiber reinforcing a®27r!;/b. The basic 
relationships which connect the stressed and deformed state of such a 
cylindrlcally orthotropic plate can be presented in the form 


G, = _Z),(r)9'-Z)v2-; 
= — Ki(w' + <p)» 


(107) 
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c 

where D«— is the flexural rigidity of the 
12 (l-v^) 

unreinforced plate; v are the modulus of elas- 
ticity and Poisson coefficient of the binder; 

Is the rigidity of the laminated plate with respect 
to Interlayer shearing; Ej^ Is the modulus of elas- 
ticity of the fiber filler; is the radial flex- 
ural rigidity of the plate. 



If the E„/E„ ratio Is disregarded compared 

C n 

with unity, the following expression for rigidity 
can be obtained 


Fig. 23. Circular P, — + - 7 ) . 

plate with radial 
fiber reinforcing. 


where 


( 108 ) 


/^1 


I.’ I (1 “V*) Ett 

23 TT‘ 


(109) 


By substituting Eq. (107) In plate equilibrium Eq. ( 66 ), we obtain 
the following system of differential equations, which describe the bend- 
ing of the circular plate with radial reinforcing 


(r -f- A) + 9 * — "7 

u,' = _ 


D 


9 ; 




( 110 ) 


The following expressions also can be found for the bending moments 
and deformations 


flas4 

Lna.2 


r \«-2 


L""4 


2D 




( 111 ) 
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Integration constants A, B, C, are determined from the boundary /42 
conditions on the inner and outer profiles of the plate. 

17. General Relationships and Differential Equations of Asymmetric 
Bending of Circular Anisotropic Plates 

Let a circular plate made of laminated 
cyllndrically orthotropic material be bent 
by a transverse load, which is distributed 
symmetrically about the polar axis of the 
plate X. This is practically the most fre- 
quently encountered case of loading. 

We place the origin of the r, 6, z 
cylindrical coordinate system at the pole 
of anisotropy, and we direct the z axis 
along the axis of symmetry of elastic prop- 
erties (Fig. 2k). 

A transverse load distributed symmetri- 
cally about the polar axis can be expanded 

in the trigonometric series 



Fig. 2k. Ac^repted coor- 
dinate system for circu- 
lar plate. 


00 

^ “ 2 ('”) cos n d. 

U StB 0 


( 112 ) 


The general elasticity relationships are written in the form 
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( 113 ) 


- - ®t(-f 7f + -f + v,^) J 

<?. — ir.(^+4.^).j (1114) 


In accordance with Eq, (17), with Ag^r, the plate equlllb- /^3 

rlum equations ax’e written in the form 


3 (r<?,) 
tfr 





6(rr.t) , OH 

Or IF 

OCt , »{fH) 
Oft Or 


- c, “ ^ir; 
-f- // Q'/ • 


(115) 


Since bending of the plate will be symmetrical about the polir 
axis, the elastic forces and displacement can be sought in the trigo- 
nometric series 


CD 

•P =” «Pn (0 C09 n 0; 

fl S3 0 

ro 

t == 2 't>n (0 sin n 0; 
n»0 

00 

i/> « 2 «>n ('■) COS n 0; 

ttaaO 

00 

C, 2 G"(c)cosn 0; 

n weO 

CD 

Gt -- 2 {'■) cos n 0; 

n«iO 

// - 2 /r(r)sinn<»; 

nwO 


<?, 2 (r) cos n 0, 

n csO 

Qt == ^Qt (f") sin n d. 

nasQ 


(U6) 


(117) 


In accordance with Eq. (113), (H^i), the coefficients of expansion 
of the forces are connected to the coefficients of expansion of displace- 
ments ♦ , w^ by the following relationships 
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(118) 


G'^ir) = [,p; + :i(n^« + <p„)] ; 

G," (r) _ I), [i ^ + viv;] ; 

ii (r) A j^tpn P" • 7 9nJ • 


Q^(r) - - /i:,(«pn + u'H): 


By substituting Eq. (117) in the equilibrium equations with Eq. 
(118) taken into account, we obtain differential equations of asym- 
Tretrlc bending of circular plates 


where 


+ imjii ,1,. _ 

‘fli't’ft + + *i) 't'li — 




<Pf. 


/»(«,+ !) 


itI; „ “’n . 

JI <Pn =• — riKf^ , 


r <Pn -+- •< > + g‘‘n >|5n = — 


■rwn 


nv 




U>„ 


Dt 




C (1— V|V,) 

A'l 


Z) 0(1 — v,v,) 

o>„ 


^1 _ tf . ZC, _ . ZiT, 

o, ~ 07 ~ /Cl 


0, 


0 ).; 


= g» 


(119) 


(120) 


If the load is distributed skew symmetrically about the polar axis, 
all the relationships are obtained by substitution of cos n6 by sin n9 
and vice versa, with corresponding changes of signs of n. 


In the most general case of asymmetric loading, the solution is 
found by summing the asymmetric, symmetric and skew symmetric solu- 
tions. In conclusion, we note some identity relationships between the 
coefficients introduced above 


= X*o), = co,;j (121) 

X (1 -f- Xvj) == X -f- Vj. I 
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CHAPTER BENDING OF RECTANGULAR PLATEC BY NORMAL LOAD 


18. Differential Equation of Bending of Anisotropic Rectangular Plates 

We consider a rectangular plate made of laminated anisotropic /^5 

material and loaded by forces which are normal to the mean surface of 
the plate before deformation. 

We select the x, y, z rectangular coordinate system as indicated 
in Fig. 25. 



Fig. 25. Coordinate system 
and basic symbols. 


In accordance with Eq. (4), 

( 11 ), ( 12 ), 



(5) and 


( 122 ) 


(123) 


By substituting Eq. (122), 


(123) in the equilibrium equations 


»Gi , 9H 

~dT + -W‘ 
OGt , on 
“3r + -5T 



Qv 

Qv 


-P, 


(12iO 


we obtain a system of differential equations of bending of rectangular /^6 
anisotropic plates 


1 n 4- ■>/) -I n 

* \ Ox* J ^ * \ Oy* ) 


(125) 

( 126 ) 
(127) 


Eq. (125) and (126) can be reduced to the following symmetrical 


form 



(128) 


where 


Lt (q>) - DuK^ + (2D^Ki - DuKt) + 

+ (0„/C, - CK,) 5^ - 0„K, ^ - if ,/f, ^ ; 

(<f) “ OuKi + (2DuA' , — D„KJ + 

+ W,- D„K,^-K,K.^. U29) 


C -h 

^4 ( ) {t^n^as — ^u) -jjr 4- 2 {Di„D„ 4- 0^,0^ — CiJ,j) 
4- (/>„ 4- 2DaD„ + DiiD„ — C*) 4- 

4* 2 -|- DifD„ — CDfji) 4* 

4- (/^M^as — — (D^Kf + /?n^Ti) — 

- 2 (/?ijA', 4- DsaKi) (^as^j 4- ^«Ai) -f- A", A,. 


(130) 


(131) 


By multiplying Eq. (127) by operator and with Eq. (128), /Hj 

(129) taken Into account, a differential equation of bending of a lami- 
nar anl&otroplc rectangular plate can be obtained with Interlayer shear- 
ing taken Into account 


• UX~ < II la - I 

H |A'. lO.“. + 2/i„0„ U„i)„ - <;•) + X, {D„D„ ~ c;.)J X 

^ dx* di/* {^22^4,3 D^^D^a) + 

+ X,(D„D„-D,.D„)]^ + 

+ \K. («;. + 2D..D.. + D„D„ - C') + X, [D„D„ -«;,)] 5^ + 
+ 2(0„D„-D„D„|Af,^ + 

+ (0„0..-2):.)*.— -iC.A-.x 

^ [^1> 4?" ‘*^11 3 ^ ■t 2(C+ t/J J‘‘\ . + 

+ sf^ + -^] = (P)- 


(132) 


For brevity, we Introduce the following designations 


n D —D* 

— II 89 19 . 

«40 . 
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*12 — - pp- 

2 (OiiP\a — PiiOn) . 


U 42 n n 
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2 -f 
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^nir, + D$$ICj_ . ^ Xg/C,i 

.r /n‘n -DM . 

flto - ■ ^ “•■• <»0 «“ * " it *”• 

2if. (O..Q.^~/>.. gLlL. _ 2ir«(0.,0»-0.«M ; 


"ST 


fl„ = (if, (D|, + 2D„D„ 4- - C*) + 

a« = 2 1/Ti (OnOii ~ “ ^i*®**)' W ’ 

a,. = {K, (d;. + 2D„D„ + D,,D„ - C*) + 

+ Jfi {Dffiu — ^o) I fl«6« • 


( 133 ) 
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2K\Dfi — ^19^1 . 
^ ’ 


^99^1 . O • »i. ™ • 

— — I Pi jr- t Ti “ a4 * 


P. 


«» 

Dt,Kt~CKt . a DuKt-CKt 

“* ab* • P* a*5 


O 4 “ 

a, = 


^.9^r. . 

~F“* 


P* 


2if.D.9-I>i9<r, . .. _ 4/),, . 

35i 5 Yi •= -JiT • 

2(C+/>99) . 

Y* “ JlJi ' 

_ 4/?99 ■ 
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Dti 

~W' 


p ^19^1 . ,. 

P4 = . Y* 


KxKt 


Yi 


(134) 


Then, in dimensionless coordinates 5"x/a; n^y/bi Mofi? 

ferential equations of bending of an anisotropic plate (132), U20), 
(129) is written in the form 


/48 


Lt (w) = Lt{p); 


r /_>\ »>. I - 1 _ 0 *u> 

^ 4 ( 9 ) -k“i +0* agia,, + “s 

r /-K\ _ <1 1 a . o 

^«(v) Pi ^1 4-Pl^g^9T-Ps ■ 


0*u> dw 

a n ^“*3 

■ P«^~p»7;r’ 


(135) 


(136) 


where the following differential operators are written through Lg ( ) , 

L 4 0 

r / ^ ^1 0* , 6* , 

; = «4o7|T + a»i + o« agi a,ji + 

9^ 9^ ^ 9^ 

~«*o(Yi‘^ + Yia|rg;{ + Y»^r3;5i + Y4 5p^ + Y»'5;jr)i (137) 
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(138) 


^« ( ) “ <*40 ”7|r + 3|i^ 

«««•«» «• 
+ <*04 iK^r - «»i|r - <»1I ipjf “ <»0t ^ 


T-nt 




+ <**r 


19. General Equations of Bending of Orthotropic Rectangular Plates 

If a laminated plate Is made of an orthotropic material, the 
resulting general relationships and differential equations are simpli- 
fied when the principal axes of anisotropy coincide with the coordi- 
nate axes, since 

By replacing by D ^2 ^2* ^33 ^3 ^12 ^l'*2 

D^v^, for an orthotropic rectangular plate, we obtain 


c,“ —D, ; 

0.= -K.(-l' + -^)., 


(139) 


(1*10) 


System of differential Eq. (127)-(129) takes the form 


L, (9) - D,K, ^ + (D.K, - CK.) ^ - K^, -g- ; | 
I^.W~D,K,^ + (D,K,-CK,)^-K,K,^: I 


where Is a differential operator in up to fourth order partial 

derivatives 


!-*() = ^1^4 -^r + (^1^4 + dx* dy' 

+ -gjr - (^i^» + -S* ^ 

— {DfKi 4- l?4^i) 


a^3) 


Differential equation of bending of an orthotropic plate (132) 
takes the form 


^ + k (D,1T. + W + JT. (O: - C’)l -5^ + 
+ ID, (D.*, + D.JC,) + K, (d; - C*) + Dfi,K, ^ - 

- K.«. [O.^ + 2(C + ZW + Z>. ^] - I'M- 


(lUII) 


System of differential equations of bending of an orthotropic plate 
(135) > ( 136 ) is simplified, since Dj^ 2 "^ 23 "*^ » 

= o« ■“ <*11 “ a*i a* o„ « a, •« a, =* (1^15) 

= P» =“ P 4 = Yi = V* ■“ 0. 

In dimensionless coordinates ^"x/a, n>»y/b, the system of equa- /50 
tlons has the form 


I.' / \ 

^«(f) «i -r a 


d^w 
* ^6 


^*('l)-Pi-^+ p3ap^ 
f»(w) = Ft(p), 


du) 

p»nr 


(l^<6) 

iW) 


where Fg()» are the following differential operators in partial 

derivatives 


p / \ ^ " I ^ " 1 »• 

^ g«o + On + 

' /I ^ t 

T i)« cj,,» 00 (Yi + Ya Y* ) : 

.. , . d* , d* 

^ 4 ( ) - a 4 o- 5 Tj- + a« 7 p^ + 


d» 

^S» 


®20 >}»» ^02 ^ 2 + floo" 


<#5« 

dl)* 


a* 


(148) 


(149) 


Coefficients a^, (i®l» 3» 5) a^j are determined by Eq. 

(133), (134); with D^^=D 23 = 0 , D 22 =D 2 , ^ 33 = 0 ^, we have 


®40 — ' 


a* 


®04 


Djf^3 . 
b* ' 




^ _ A^O. + A-.Z), . 


a^b* 


*20 
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[if. (D./), + d; - C*) + D,D,K,\ -jJjr ; 
[if, (z).D, + d; - C*) + T^r ; 
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®s S6i ' 


a» 



Pi |r~ » 


Ps ■= 


jg,D,-cjr, 




Ys 


2(£+£j). 

«*F“ » 


Y» 



(151) 


20. Energy of Deformation of Anisotropic Rectangular Plate 


In the majority of cases of solution of specific engineering 
problems, an exact solution cannot successfully be obtained. There- 
fore, various approximate methods of analysis must be used. In the 
theory of shells, variation methods based on the principle of the de- 
formation energy minimum are most widespread. If an anisotropic plate 
Is bent by normal load p, the potential energy of bending Is determined 
by the well known expression 


/51 


^ “ T JJ + ^>Y« + ^liVj 

By using the Hooke's law relationships, we obtain 

^ = 7 JJ + 2D„xX -f + 

+ 3/)„ x"xj + 4D„ X** + yJ -t- K, Y.’l dxdy. 


(152) 


(153) 


By substituting Kt®, k,®, Y, » Yo ^*5* (1D» (^2) in Eq. 

(153) » we obtain i o i ^ 


= T J/ [«.. m' + + 0.. )’ + 

+«-(4f+4f)’+l"..4f(4|-+4f)+ 


/ aq> 


4- n ilJL (. 

+ 2 dy \ dY 




(154) 


In this manner, while a possible deformed state of the plate Is 
determined by functions (|), \p, w, the actual deformed state differs from 
all the kinematically possible states, i.e., those which satisfy the 
boundary conditions given. Insofar as, for the actually deformed state, 
the functional 
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“ T // [^“ (4|- )* + if + (if) 

+ ( 4f + if )* •<* I if ( if + if ) + 

+ f^*»4f (if + lf) + ^‘ (‘»* + 'S)* + 

+ ^i('t> -^r -^)* - 2/wjdxdy 


has the minimum value. 

The integral is taken over the entire surface of the plate. If /52 
the plate is orthotropic and the direct ions of coordinate axes x, y 
coincide with the principal directions of anisotropy, Eq. (155) is 
significantly simplified and takes the form 


V 


+'>.(-^+4f)’+*.(^+,^)‘+ 

+ ^1 (S* +;-^)* - 2pwj dxdy. 


(156) 


The simplest alternate version of use of the principle of possible 
displacements, which is called the Ritz method, is as follows. Desired 
functions (ji, i|;, w are assigned which satisfy the assigned boundary con- 
ditions at any values of random parameters C^(J*1, 2,. . .,n) and cor- 
respond as well as possible to the physical essei.ce of the problem 

9 = q>(*. y; c, c„); 

'{>-'|’(x.y; C„C,.C, C„); 

w^w{x,y, Ci,C„ C, Cn).\ (157) 


By substituting these values in Eq. (155) for an anisotropic plate 
or in Eq. (156) for an orthotropic plate, after integration over x and 
y within limits which correspond to the entire surface of the plate, 
we obtain 


V=V(C^, C2» C^,. . ., C^). 


( 158 ) 


We select constants C^, C 2 ,. . . , in such a way that the energy 
of the system has the least value, i.e.. 


dV dV _ JV_ 

ac, * 6C, ~ “ aCn 


(159) 
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Values of random constants C, , C«,. . .C result from solution of 

I d n 

the system Oi n equations, which determine the desired solution of the 
problem with the required degree of approximation. In the limit, as 
n->«, an exact solution can be obtained. The accuracy of the solution 
depends on how successfully functions <(i, i|», w are selected. 


21. Bending of Orthotropic Plate by Concentrated Force 

Let a concentrated force applied at the point with coordinates x^, /53 
y^ act on an orthotropic rectangular plate, the principal axes of anlcj- 
tropy of which coincide with the x, y coordinate axes (Fig. 26). 



Fig. 26. Diagram of bending 
of hinge supported rectangu- 
lar plate by concentrated 
force. _ 


We will assume the sides of the 
plate to be supported and satisfy the 
following boundary conditions 

at x«0, x*a; 

W" 02“<('"0 at y"0, y«b. 

Such boundary conditions satisfy a 
possible deformed state, which Is de- 
termined by the expressions 
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In accordance with Eq. (156), the functional of the elastic energy of 
the system 

l"‘ [S S'*™ ^]' 


+ 




'HI* 1 1 / 

Nm-|n>| / 

r O' 00 -]j 

m-l n-l J 

JL S ^ ■^) ct»s cos — j + 


( 161 ) 
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a 


( 161 ) 


+ A', 


CO 00 V I 

+ «. S S (-<».+ CO. + 

Lni-I n>l / 


m-| n-| 


CO.l 


dxdy ' 




m- I n- I 


Because the Integrals of the product of the trigonometric func- /5^ 
tlons discussed differ from zero only In the quadratic terms, we have 


ab 

” X 




mnBtnn 4" 


m-| n»| 



B,n„ -f Dj 

JI 1 Fl ^ 

— + «mn — 

)■ + 

+ A', 

^ ^mn 1“ Cfnn 


i^Bmn + Cmn—^ 

)■]- 


00 *00 




"SI 

I C(nn sill — — 

1 a 

Sin "-I"* . 
0 



(162) 


tn-l n-l 


The minimum of functional (162) Is realized under the conditions 

^„[/>.(-^y+o.(^)’+K.i + 

+ Bmn (Pi V, + D,) + CfnrjAj -J- - 0, 

/tmn (Di V, 4- 0,) + Bmn [^8 (“F ) 

A^uKi ^ + BmnA, ^ + f m. [A, (^)* + 

/ n \*1 4/* . m n 


m nxo 

L 


for m, n=l, 2 , 3» . . • 

By solving system of En. (l62), we find 


Atnn 
Bmn ■ 

Cmn 


= - .1^ JhiL sin -'1.^ sin • 


ob \tn 

- ''■P As’x 

0 6 A III 

4r A,m 


SID 


a 

m .1 


ob Am 
(m, n = 1, 2, 3, . . ) 


sin 


a 

m n Tn 


Sin 


sin 


6 

n«.V» 

b 

nnyn 


where 


(163) 
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(164) 
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A„ . A-,0. {^)' + (K,D, - K.C) (-^y + 

+ A,A,-^; 

4- = K,D, (^y + (K,/>, - A.C) (-^)’-T? + 

+ A.A.-T-i 

« O.D. (^)‘ + (0.0. + O: - C‘) (-(V^)’ (^)‘ + 

+ 0|0,^-(^j + (O.A. + O.A.) J-) + 

+ (0,*, + 0.A,)(^)' + A'.K„ j (155) 

- D,D,Kt (^y + 10. (0.A, + D,Kj;+ 

+ A. (o; - C’)) {-^y ( if)’ + 10. (0,A, + O.A.) + 
+A.(o;-c-)i(if);(ify+o.o.A.(if)’+ 

+ A.A.[0.(^y +2(C + 0j(-"f-)’(ify + 

C = Di Vj + P* “ V| + 

for m, n-1, 2, 3,. . . 

The bending moments and cutting forces are determined bv the ex- 
pressions 

to gp y . n , . n \ 

G. «i££liL V V + . 

m»| n-1 

X sin - 24 ^ sin 2^ gjn JliL£jsi„ . 


/56 


G, 


iPnDt A,my + v,A, « 


liL£l. W 


m-l n»l 


X sin 2^ gin iLp. jin gjn JLJiL ; 

^ 00 /a W , ft \ 

AnPD, yyi (A,„_+A.n.y) 


m-l n-| 


i 


(166) 


i*3 



X,|n sin ^coi : 

APK, 


<?. 



A m 


X .iD ^ tio ijli CO. -2fi .In ^ i 

m w m 


( 166 ) 


CO 00 


Q, 



Am 


X .In -2LJiL rin ^ .in ^ CO. ^ . 


22. Bending of Orthotropic Plate by Uniformly Distributed Load 

Let an orthotropic hinge supported rectangular plate with sides 
a, b be bent by a uniformly distributed load of Intensity p. We select 
the coordinate system as Indicated In Fig. 26. 

We will seek a solution of Eq. (1^16), (1^7) In the binary trlgo- /57 
nometrlc series 



OO 

00 


2 

2 


m-l 

n-l 


oo 

m 

,1,= 

2 

V 


m-l 

n-l 


00 

00 

w = 

2 

2 


m — 1 

n-l 


cosmn^.innnt); 
.inmngcusn ntj; 
sill mn^ sin n nil . 


(167) 


We represent load p In the form of the binary trigonometric series 


where 


„ « (168) 
1 Ijs, jSj Pmn sin m ng sin n nt) , 

...). (169) 


By substituting Eq. (167), (168) In bending Eq. (Iii6), (1^7) » we 
obtain 

00 oo 

2 >Imn (Ji* (a,om« + o„w*n* + Of^n*) + 

m-l n-l 

+ (a*oW»* + Oo»"*) + o«ol cosm nl sin nnr\ = 

CD 00 

=» — 2 2 In’ (Oi fn* + a,mn*) +na, to) x 

m-l B-1 

Xcosmn^sionni^; 

Mi4 


( 170 ) 


( 170 ) 


2 2 Bmm («• + 

|Ha| «-l 

+ n*(aa^*4-aM'*')4-awl»Dinn^cotnnii » 

W 00 

■‘^-2 2 l»* (Pi »• + Pi »•") + «pi "1 X 

m-l n«l 

X tin mni CM nnt); 


00 00 

“22 C«Hiln* (dV>** + o«w*n* + o,«m*n* + o#,!**) + 

mirt n-l 

4- + YiW*n* + Yi»**)I*lo»»**S«*“"»»n " 

00 00 

*“2 2 (*** (a«^* ■+ <*iiB»*a* + *04***) + 

m«| na| 

4- n* (o«^* 4- a^') 4* <h«) n| tin n ni^. 


According to Eq. (169), coefficients A„„, B C differ from 

mn mn mn 

zero only at odd values of Indices m, n*l, 5, 3,. . . therefore, we 
will not subsequently stipulate this, and we will understand that 
summing Is carried out only over the odd indices. 

We introduce the following designations 


• flijmVj’ ; rtjimV/ 4- «(»*«*) t- 
i «oo(Yi • Y- + Y» «*): 

n*(ajn^ f «.««’) r "oo'. 

^ .n* (a, m* ' a, mn*) -f .na, rn; 

for m, n*l, 3, 5» • . • 

In accordance with Eq. (170), we obtain 



*m, n 


^ m, n 

) 

mn 

S . 

f m, n ' 

^mn — 

D '*t 

n 


*0 

*m, n 

I> . 

»m, ■ ' 
*• 


mm 

” P mu 
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(172) 


and, consequently. 


the solution of Eq. (146), (147) has the form 


f 


w — 



• eo^mnetiinnni); 
sinm n^coan nf|; 


T-iii-i •• 


The maximum deflection In the center of the plate 


Im’Iuh* “ 


mfii— S 

00 00 . •. 3 _ 

* c7 


( 173 ) 


(174) 


The bending moments, torques and cutting forces are determined 
by the following expressions 


G, ^ ^ ^ sinmnS^inunn: 


m « I ti « f 

00 CO 


// 


m-i n-l •• 






m, n 


-cosmnccosnnt); 


V>i cos m Jig Sinn nn: 

rri 

^ ifip/f. V V ""-C" . 

Qt - 2^ i "» -"*5 


m-l fi-1 


(175) 


The maximum shearing stresses on the edges of the plate (x«0, 
x»a and y-0, y*b) arise In the middles of the sides, and they are de 
termlned by the expressions 


T, nit. 


■*^1 m «* 


24pA- 


00 OO 

n*A w/i;’"'" 

m»l n-l »# 


” •t*"'. 0 f, *">■ " 


24pA- 

n’A 


'-1 


Vil 


^m, n 


«• 


•■m, n 
’ ^3 


u mm ’ 

Tlnrf '"'•t. 


(176) 


where > C^*”**^ ^re determined by Eq. (133), (3 34) 

(171). 




and 


A solution In the form of binary trigonometric series is Inconven- 



lent for practical use. Therefore, It is advisable to consider a solu- 
tion presented in single series. 

23. Bendi ng o f Orthotropic Rectangular Plate with Two Supported Edges 
by Uniformly Distributed Load 

Let the principal axes of anisotropy of the plate be parallel to 
the sides. We select the coordinate system as shown in Fig. 27. 



Fig. 27. Coordinate system 
selected. 


We will assume the edges of the 
plate x«0, x»a to be supported and to 
satisfy the following boundary condi- 
tions 


w“02^*\j^“0. 

In this case, solution of plate /60 
bending system of differential Eq. (146), 
(147) can be sought in the form of sin- 
gle trigonometric series of the follow- 
ing type 


00 

<P= 2 9n(Tl) cosing; 
n-i 


2t|>n(tl)slni„g; 

n-| 

oo 

=" 2 «^n(»l)sini„g, 
n-l 


(177) 


where 


(i„ = «n). 


VJe expand the uniformly distributed load in the trigonometric 
series 

OO 

P = _2 'll! sin i„|, 

where 


n-f 


"=1.3, 5,. . . 


(178) 

(179) 


By substituting Eq. (177), (178) in bending Eq. ( 146 ) , , ( 147 ) , we 
obtain 


CO 

n-? a ~ *** 

t 

+ Vn a» + floe) <Pn] cos in£ = 2 I^nOa l"n — 

n-1, S 

(^Oi + a,) a^n] cos i„|; 

00 

2 [®04 'tn (^n fits + flos) 'j’n + (i nOiO + ^ a» "f ’ 
1 , 8 


-r a«) it>n] sin Kl -= 2 [Pi. «>n" - (iiPa + 
n-«,8 


(180) 


47 


( 180 ) 


+ Pi) l^’n] •*!» 

00 

®i* Vi ®oo) ■f’ ^ (^» ®4i "I" 

»»*<, 3 

+ Vs «oo) — >>n (Jti flfo + Yl flqo) “’n] »in - 

CO 

— ^ An fl|o "1* ^ ®I0 "f" ®Oo) 


Here and subsequently, summing is carried out only by odd indices /6l 

(n-1, 3, 5,. . .). 

System of Eq. (180) is satisfied if, for edCh n*l, 3, 5, . • .f 
there is a solution of the following system of conventional differential 
equations 


®04 *Pn'^ ~ ( Ofi 4* <* 0 l^ *Pn + (^n <*lo + ^ <>30 4* <*Oo) 9fl = 
— i„Oj Wn — Xn (X.|» <>i 4" ®l) ^n' 

<> 0 l (^n <>33 4” <* 0 s) 't’n 4" <>4o 4" fifO “HOoo) 'I’n = 

= Pl0^n ~ (^n Ps 4" Pi) «^ni 

<*oi (^» <*3i 4" Yl <>oo) 4" ^ (^n <* 4 t 4" Ya <*oo) O’** — 

{^n <>40 f ^1 Oqo) «^n = ^ <*40 4" <*3o 4" Oflo) • 


(l8l) 


We present system of Eq. (l8l) in canonical form, doing them cor- 
respondingly by coefficients aQi^, which, according to Eq. (150), 

are different from zero 


<i.r - A" -K + - A” I 

- <A" w '/ + - Q. 


for n=l, 3s 5, 7,. . ., where 
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■fl 22 ’ 02 




4“ <‘1^3 4 


‘*40'^' “so’t ®00 


«04 


b* 


io,D, + $X 


a* 


X(K,D, + A,D,) + K^K,y, 


( 182 ) 

(183) 
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1,8 


(184) 
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h* >.n 


(K,D, - 2CK,h 


D,V, « 

A2) . + fc* >.B /^n p | r ) *» . 

« _ ~Tj^ „ \-5T^8 + /t|/Ai. 




II. 

«04 


A ' ,6 


«0I 


f)» 



L a> 






+ 0,K,K,ji 


W| 


(2) _. ^n(^n"4t~^' Vg **00^ ft* 


• ^>i/J,A, 


X ^ (4 [A’.DjD, + K, [D,D, + D] - C’l + 


+ 2(C + Z),)A'./i:,} ; 

,.(3) _ "ao"^ Vj 

0)„ ... 

- n , V 

“ l>tO,Ki ■jr\-ST^s + A,j , 

+ ^{K,D, + K,D,)+K,K,] 

foi’ n»l, 3 , ?^» . . . 

f 

After finding the general solution for plate deflection for 

ueformatlon functions 4 )^, partial solutions of Eq. (182) are taken. 

In this manner, the solution of system of differential Eq. (182), (I 83 ) 
Is determined by the roots of the characteristic equation 


(184) 


• U) 


(U 


A-: 4 


(0„ I 


0) 


(:))■ , 


0 . 


(185) 


Eq. ( 185 ) always has two real roots. The remaining roots are 
determined by coel f icients co J ) (j = l, 2, 3). 

We consider the most general case of complex roots, l.e., we will 
assume that the roots of characteristic Eq. (I 85 ) are 


±fc„: ±(s,. ±r,^i). 


( 186 ) 


The general solution of differential Eq. (I 83 ) can then be present- 
ed in the following form (for brevity, we will omit index n of coeffi- 
cients C^, A^, B^, r^) 

u _ iizL -j t’, ch fe tH C, 01 , (»i) + C, 0 >, (n) -f 

+ c* shfc 11 -f c, o >3 (n) f c, o >4 (11). (187) 


where the well known functions of V.Z. Vlasov are designated by 
(1-1, 2, 3. 

O’, ( n) ch s n cos r n; 0», ( 11 ) = sh » tj cos r tj ; 1 

‘^'j(il) == shsnsinrti; 0>4(ii) = chsusinrti. j (I 88 ) 


There are the following relationships for these functions 

O’’ ==> 5 0>3 — r O’,; O’i = s O’, — r O’,; 

<I»' s 0>4 + r 0,: 0>4 == s O’, -f r tl>,; 

O’j - (s' — r') O’, — 2rs 0’,; 

0’’ = (s* — r*)0’j 4 - ZrsO),; 

(J)* = (s’ _ r’) 0>3 — 2rs tP,; 

O’i -- (s'-r*)0’4 f-2rs0>3; 

0»( ' =-- s (s* — 3r’) 0»3 H r (r* — 3s*) O’,; 

0’”’ = s (s* — 3r*) 0’4 — r (r* — 3s*) ‘P,; 

O’'" = s (s* - 3r*) tP, i r (r* ~ 3s*) O’.,; 

0’;" . s(s*-3r’)0’,-r(r*-3s*)tp.; 


O’!' --- (*' •— 6r’s* 4- ’■*) O’, — 4rs (s* — r’) O’,; 

O’J'^ = (s* “ Cr*s* 4 - »•*) O’, + 4rs (s* — r*) O’,; 

O’j' j - (s* — 6r*s* ^ r*) O’, — 4rs (s* — r*) 0’,; 

0>r = (s* - 6r*s* 4- r*) O’, + 4rs (s* - r*) O’,. 


(189) 


A table of functions <I>, 4',, 4>h [15] is presented in the ap- /6k 

pendlces. * ^ 


load, 

4> > w 

n* 

form 


In the coordinate system selected with a uniformly distributed 

solution of system of Eq. (l82), (I 83 ) should be even relative to 

^ and odd relative to , l.e., the solution must be sought in the 
n n 


9 n(ii) q>0 + i 4 ,ch&ii 4- /i,0>,(i)) 4- ^3 0 ’,(ti); 
ii>n (i]) = Bi sh &ti 4* fi. O’, (ti) 4 " O’, (tj); 

(ii) = - ^ + C, ch A: T, + C, O’, (n) + c. O’, (n). 


( 190 ) 


50 



By substituting Eq. (190) In differential Eq. (182), we obtain 


ch fc T| + i4, l(<* - 6»V + r*) O, (ti) - 
- 4r» (•• ~ r«) <I», (n)l + !(** ~ 6r*»* + r*) <b, (n) + 

+ 4r*(*’ - r*)<I>| (n)] - ch ft q + 

+ A, ((•• - r») 0>, (n) - 2r» <P, (q)H- 
+ A, l(f* - r*) <b, (ti) + 2 rs O, (n)l ) + 

+ «n ’ l9o + ch & n + ^» *1*1 iv) + At *1*1 (»))1 =■ 

“ /„** ch & n -1- Ct [(*“•- »•*) ***i (»l) - 

- 2 rs 0), (n)l + C, l(»* - r*) O, {i\) + 2 rt O, (ti)l 1 - 
- /n*’ lu^o + CiChkr\ + C,0),(ti) + c,*i>,(n)l; 

Bik* shhu + Bt l(»* - 6rV + r») 0), (ti) - 

- 4rs (s* - r«) O, (tj)! + B, l(«* - 6r»s» + r*) q»4(ti) + 

+ 4rs (s“ - r*) 0),(ii)l - e},*’ sh fc ti + 

+ B, ((«• - »■•) <J*. (n) - 2ri 0>* (ii)l + 

+ B, ((«• - r*) O* (ti) + 2r» <I>, (n)) 1 + 

+ 8h & H + ^1 *!*• (^) + Ba *1*4 (*l)l =* 

* /*»> |C|fc® ah fc q + C, [s («* - 3r*) O, (q) + 

+ r (H - 3s») <D* (ti)l + Ca (* (»* - 3r*) 0>4 (n) - 
- r (r*-3s*) a>3 (t|)] 1 — /i ICifc sh ft ti+ 

+ Ct Is <*>, (q) - r <D4 (q)l + Ca (s O4 (q) + r O, (q)). 


(191) 


Since equality (191) occurs with any values of n, on the assumption ^ 
that k^-e ^^^k^+e^^^ Vo, the following expressions can be obtained for 

coefficients (l=li 2, 3) 


where 
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Ci 


<rn 


/n~* On . 

Bi — i'i Ti , ,«zT ’ 


wli" 


A<.' >C, + At?>C3; B, = A<„=>»C, + 

At = - AS,«’C. + A‘.‘>C,; Bt = + Ajf^C,. 


Ai; 


(1) 


Ak 


= [(/ - 6r **» + r*) - *5.‘ - ^‘' ) + *if '] 

[(*«-6rV + r‘)-r<‘>(.*-r*) + 

+ [/<„»* . 
+ ei?f +4rV ’ 

[/<.»>(» * -3r»)-/*] 

" [(s** - 6r*;* + r«) - > (*»’ - r*) + /„2) j . + 


(192) 


( 193 ) 


51 


(193) 


+ 4rV[4‘>-2(i*-f*)ji 

A„ -^r + + 

- [ /ti" (^*-3**) + /5*’l + 


Thus , 


' 

m == V (q>o + i4inCh fc„TJ + "1“ 

* 

fl» 1 , 9 

,!• = V l/f,„shfc„n + B^n^an{V\) + Bsn‘l>4n(n)lsJ«^n«: 

n^T, 3 


W 



— C in fin ^ + C,n *I*in (^l) + 

+ Cjn *I*in (ai)l sin Kn^, 


(19'0 


where coefficients Aj^> (J"l4 2, 3) are expressed through random /66 
constants (J=l, 2, 3) by Eq. (192), and Is a real root of char- 
acteristic Eq. (185). 

Correspondingly, the following expressions can be obtained for the 
bending moments and forces 


G, = 


CO 



l*Po "i" -}- /i 2 nd'in(ai) “f" j 


+ A,n d>r, (ll)l — 1 knBin ch /f„ t] + 

+ Bjn *bsn (n) 4* B^n ^4n (’i)l) sin 

CO 

~ ^3 2 (t* &n T| + ^sn*I*3n(*l) 4" 

n«i| 

4- Bgn <I)i„ (ti)] — [qpo + Am ch k„ i\ H- 

4* -^jndJjn (t|) 4" Am *I*jn (tl)| Sin XnJ; 

00 

H —^sSIt M»n&nShfr„tl 4- -1 

n-l' 

4" •^sn *b2n (^)] 4" l'®in sh ^Cn aj 4" ^jn ^sn (>l) 4" 
4- 5sn<I>4n(n)jj COS Ll; 


(195) 
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CO 


Ql — —A’l 2 [if* + ^inChfr„H 4- ^|nO,n(ll) + 

niT ' 

+ ^r.****" (»l)l -f [ ^ -f- CjnCh An t\ + 

L “n 

+ Cjn*I’|n(ll) + Ctn*I*tn(ll)|coaAn J; 


Qt ^r»^*ii(tl) + 

n-l' 

+ ^gn®4n(»l)l 4- 4" [^inAnSh &nT] 4- C|nO'|„(T)) 4- 

+ Csn‘I>in(n)]|8in^S. 


For each number n»? , 3, 5» random constants are determined /6? 

from the boundary conditions at the edges of the plate n*+l/2- 

In conformance with conditions (22), the boundary conditions for 
thie edge 0"const have the form 

unsupported edges 

G2-H-Q2»0; 

rigidly fastened 

( 196 ) 

loosely supported 

w*G2*H“0; i|i®H=Q2*0; 

w®<j)“G2“0; \j;“w«H=0; 

\|»b(|)«Q2=0 . 

Besides these conditions, there can be different fastening of both 
edges, l.e., any pair combination of the boundary conditions written 
above. However, in these cases, the deformed and stressed states of 
the plate will not be symmetrical about the x axis and, consequently, 
all six random constant remain necessary in solution of (187). 

24. Case of Different Real Roots of Characteristic Equation 

Bicubic Eq. (I 85 ), by the known substitution 




<«) 

3 ’ 


can be reduced to canonical form 

k^+3pk+2q=0 , 


(197) 


where 
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The number of real roots of Eq. (197) depends on the sign of dls- 


2 2 

crlminant D-q -fp 


27 4 27 ioS 6 


(199) 


Consequently, a case of three different real roots can be visual- /68 
Ized. Let these roots be lie,, Ic«, Ic^. The roots of bicubic Eq. (185) 

i. d i +k<n 

will then be In the form +kj^, +k 2 » We will assume that e- i 

(1«1, 2, 3) are not solutions of uniform Eq. (182), l.e., 

(»■- 1,2,3). 


The solution of system of differential Eq. (182), (I 83 ) can then 
be presented In the following form 

<Pn (>l) = To + -'ll cl» ‘’ll A:, Ti + 

+ .,*ljCOB A', + /t* sh A:, ij -f !>h fc, t; -f sin A, tj; 

Tn ( 11 ) = BiChkiX] + Bt ch Ac, n + cos Ac3i] + 

+ Z7, sh A'l t] + /A, sh A'jii + ^sSin Ac, 1 ]; (200) 

«’,i (r\) + ^"1 ch A-, Tj + Cj ch t] + 

+ Cjcos A-jt! + Cish A-, -{-C,sh A-, ‘“in A',t|. 

In this case, it Is easy to obtain a solution for the general case 
of asymmetric boundary conditions. 

By substituting Eq. (200) in system of Eq. (182), we obtain 

/I, A-* ch k^ n 4- ch A-, -f- cos A, tj -f- 

4- 3*AJ sh a, t] 4- .1,AJ sh A, tj 4 - AJi\ sin A*, — 

— cJ,” [^,A[chA, 11 . 4 - .l,AjchA,Ti — .4,A|cosA,ii 4 - (201) 

4- A^^ sh A, 11 4 - ^.A| sh A. t, - .I.A; sin A. t,] 4- 


5 ^ 



n*lj 3» 5» • • 

Since Eq. (201) 
(201) we obtain 


-f [qp, 4- •^l ch Ai i| f .l,ch Af, H + ^licos k, ij 4- 
4- /i« ah Aj n 4 - /I, ah A, t] 4 - i4, ain k,r\] 

=* A* * [C,AJ ch a, ij 4 - C,AJ ch A,ij — CJt\ cob A, ij 4 - 
4 - C’ 4 A| ah a, ij 4- C^Aj sh A, ij —Cjt\ aiu A, ij] — 

/" 4- Cich A, IJ 4- Cgch A, ij 4- C,coa A^ij 4- 

L 

4 - C 4 sh A| IJ 4* sh A, ij 4- sin A, ij j ; 

H^k\ ah A, ij 4- /?,Aj sh A, ij -4 /A,A* sin A, ij 4- 
• ! i . k \ ch A, IJ 4 ^,AJ ch a, ij 4- W.A* cos A, ij — 

- f\l ' 1 W, AJ sh A, »j 4 - /?,AJ sh A, IJ — /A,Aj sin A, ij 4- 
-f nj<\ ch A, IJ 4- B»AJ ch A, IJ — tt,k\ cos A, ij] 4- 
4 - d,** |/?i sh A, 1 ) 4 - li^ sh A, IJ 4 sin A, ij 4- 
Bx ch A, IJ 4 - /ij ch A, IJ f cos Aj ij) -- 

^'1 ’1 "i" ^'1 ’i ^3^’s 

~ CJi\ ch A, IJ 4- r»A| ch A, ij - 

— C,kl cos A, ij] — /J,” [C,A, ah A, ij 4- 
4 - C|A, sh Aj IJ — CgAj sin Ag ij 4 * ^* 4*1 ch + 

4- CgAj ch A, IJ 4- C,Aj cos A, ij] 


should be satisfied with any values of 


*Fo n 


/<2)o 
'n -n 

-( 2 ) ,.,( 3 ) 


>3*3 ■ 


/(!)*«_ i(2) 

W 2 ) 

/<•)*• 4 -/( 2 ) 

4.. 0.3,; 

D C *■(■'‘-’'*■‘+0 


( 201 ) 


, from 


( 202 ) 


In this manner, 


O'? 

<f> = ^ (lp«n 'tinCh fr|n1l 4* •4,nChA|ntJ -{• 

n»l, 3, ft 

4" ^snCOS 4“ Ar|i,f] 4" 4" 

4- .4,„»illA-,ntlIC08Xn5: 


09 

s= ^ Sh A|n 4* ^tn A',1, tj 4' 

n-l 

4- Br, sin n 4- i?«n eh A,n i) 4- B^n ch k,n i) 4- 
4 -^*nC 08 A-,„»iJ 8 inX„ 5 : 


CO 

(av 4" ^in eh fr,n 4* C,n eh k^n t] 4" 
"n 

4- Cjp, cos Ar,„ T] 4- Ctn »h A,n n 4- 
4* 6,n sh A'jii -f- C{n sin kgn i]l sin XnJ. 
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(203) 


The following corresponding expressions can be obtained for the 
elastic forces and moments 


where 


C, — ^i]SCin(il)sinX„5; 
n-l 

c, = — Z), y Gan (n) sin A„g; 

n»l 

09 

~ M Z/ n (i)) cos Af,5; 

I 

09 

Ql = — A^i!S^in(T))cOsX„J; 

n-l 

oo 

= — ZiT, ^ (»j) sin 


n-l 


(n) ^ l^Von 4 -^i ^ 1 /nCh kjn t) 4 " 

*1 '*»'* ®®* *s„ t] 4- /!,„ sin Aijn tj ] 4- 

V, r *1 s 

‘^'T' [y«^’''’*ZZMCh A|n 1 ] 4-pdAinflyaj „sh Aj„n -f- 
4- A'sn^jn cos A-,„ t] — kanB,n si n Afjp, i| j ; 

^ 2 n (m) ■“ "T" I (f^jrtl^jn cfa kjn 1 ] + 

L>“l 

"T* ^ ♦ 3^ n ^l) “T ^*3h^3n k^n '** 

— A'3Fj£/,nSinAji] j — — — - -f i(4>„ch Ar^ntj 4- 


(20h) 


(2C5) 
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n (*)) sh kjn <1 + t%kfn ch ^l) *” 

— .‘tjtiA'jn sin fc,„ n + .l«nfc»Hf 08 Afr, »1 j + 

+ -^ [ ^(flynShA>1J + fi>♦3.HCbfc|ntl) — 

‘* L>-i 

— flsn sin A-,n n + Btn cos k,n 11 j ; 




•PoB ’t* Arjn IJ -- ^>*3, n sb Ar>n 11 + 


i-t 


4* i43nCOS A‘3n *1 “T sIn fcjn 


I ftfi 

’1 +T 

L ^ 


•f" ^ (^';nOb kjn H T 3, n sh kfn 1]) ~rCjn COS k^n 11 4" 
i-l 


-CcnSin k^n '1 


Qin (n) = ^ (fijn sb fc>„ 11 4- Bj* 3 , n cb kjn 1l) 4 * 

J-t 

4- fisnSln A*3„ r\ + iJjnCOS fesnU 4- 




" 2 

^ {Cjnkjn sb kj 
M-f 


sb Ain H 4” Cj*3,n kjn Cb kfn 1]) 


C^nkfn sin A'jn n 4 " onA'311 cos kfn T| 


(205) 


for n»l, 3, 5, . . . 

Coefficients Aj^, Bj^, <J“1» 2, 3, 5, 6) are determined through £72 

random constants Cj^ by expressions (202). 

For determination of constants (J®1> 2, 3, 5» 6), boundary 

conditions (196) are used. In this manner, there can be 36 different 
combinations of possible support fastenings of the edges of the plate 
n“+l/2 . 

If it turns out that any of functions e— Is a solution of uni- 
form Eq. (182), l.e., solution corresponding 

to the solution should be sought in the form 



where 


<P>» (n) H «h kjr, f\ -f A^kjn V| Ch fc>n n: 

^n(f\) liik in 1\ ch kin I) + t\ ih kin ^ , 


Ai 


At 

Bx 

Bt 




r Wr 

*2^1:^ 


-,<l> 


Cx 


) 

2*’nl2*)\-4‘') 


( 206 ) 


( 207 ) 
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CHAPTER 5. STABILITY OF ANISOTROPIC RECTANGULAR PLATES 

25. Formulation of Problem of Stability of Plates and General Methode 
of Determination of Critical toaHs 


The advent of high strength materials led to the extensive use of /73 
thin walled structures containing thin plates and shells as the basic 
elements In Industry. Experience In the use of such structures shows 
that they, as a rule, turn out to be unsuccessful, not because the 
stresses which develop In them exceed permissible limits, but because 
of disturbance of the equilibrium of Individual thin walled components. 

Questions of the Instability of equilibrium arise everywhere where 
there are thin walled structures. For thin walled structures made of 
laminated plastics, because of the low rigidity of the latter, assurance 
of stability Is a particularly Important problem In designing them. 

If a parameter which characterizes the thin walled nature of a 
structural element, for example, the ratio of wall thickness to the char- 
acteristic plan dimension, is designated e, questions of stability as- 
surance will be significant In the event the critical load Is deter- 
mined by the relationship p-Ac'^, where q>l since, in this case, a reduc- 
tion in wall thickness will significantly decrease the critical load, 
while stress will Increase only In propoi’tlon to the decrease In thick- 
ness. The critical load in such thin walled structures proves to be 
one or two orders of magnitude less than the load at which failure of 
the material occurs. For plates, q«2 and, consequently. If the bulging 
of units which consist of rectangular plates Is an undesirable structure 
according to the operating conditions, proper selection of dimensions /7^ 
which ensure structural stability Is an extremely Important problem. 
Dimensions can be selected with the availability of calculation for- 
mulas or nomograms which define the critical load as a function of 
geometric dimensions and elastic constants. 

The problem of stability of a flat plate subjected to forces ap- 
plied In the plane of the plate can be formulated In the following man- 
ner. It Is assumed that the magnitude and principle of distribution 
of extreme forces remain constant and that parameter y characterizes 
the external load. The critical value of parameter y is determined at 
the time of appearance of other forms of plate equilibrium accompanied 
by distortion of its mean plane. 

The theory of elastic stability has been worked out extremely 
thoroughly, and a number of effective methods are available. One method 
of determination of the critical, load Is as follows. On the assumption 
that, at some value of load parameter y» the development of a distorted 
form of plate equilibrium Is possible, differential bending equations 

are compiled with external forces T 2 ^«yT^^,yT 2 “ ^ 2 °, S-yS^, which are 

applied in the mean plane of the plate and give bending component p nor- 
mal to the mean plane of the plate, taken Into account. The solution 
of such an equation, which contains y as a parameter and which satisfies 
all boundary conditions, exists only with certain specific values of 
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parameter y> which are called the eigenvalues of the problem. 

Each eigenvalue 2, 3». • .) defines a critical load 

which corresponds to a specific form of loss of stability. It Is evi- 
dent that only a load determined by the smallest eigenvalue of parameter 
Y Is of practical Importance. 

Engineering practice usually Is limited to obtaining approximate 
values, for which variation methods, based on general theorems of the 
equilibrium of mechanical systems and according to which the potential 
energy of the system has a minimum value In the equilibrium position, 
are extensively used 

If Uq Is the potential energy of a plate In planar equilibrium and 

U Is the potential energy of the plate In the distorted state of equi- 
librium, the critical load Is determined from the equation 


( 208 ) 


l.e., for determination of the critical value of load parameter y» ^he 
work performed by external forces Tg* S in minor bending of the 

plate must be made equal to the potential energy of bending of the 
plate . 

The solution of specific engineering problems by energy methods /75 
looks approximately as follows. Expressions are assigned for func- 
tions ♦ , \(» and plate deflection w, which satisfy the boundary condi- 
tions of the problem 


03 OO 

•f ” ^ i .'Imn Tw* J/)' 

m n 

K- » 

^ 'tmn (jf. I/)i 

m n 

CO 00 

W — ^ 2 CmnU^mn (jf. V)- 
m n 


(209) 


By substituting these expressions In variation Eq. (208), we ob- 
tain an equation of the type 


B,C,y)^'^^lUn(A,B,C)-yV„n(C)]=0 ( 210 ) 

m n 

If a finite number of terms Is taken in Eq. (209), Eq. (210) is 
not exactly satisfied. In this case. It is evident that the best ap 
proxlmatlon Is obtained upon satisfaction of the conditions 
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0 . 


( 211 ) 


r 


dF _ OF 6F 

“ OBi dC\ 


1"1» 2j 3» • •» n» 

By setting the determinant of uniform linear system (211) equal 
to zero, a characteristic equation can he obtained for determination of 
the critical value of load parameter y. 

Investigation of stability can be approached from more general 
standpoints of the stability of motion. Here, Instability or stability 
of the planar shape of a plate exposed to forces applied In the mean 
plane of the plate should be Indicated. Together with this unperturbed 
form of equilibrium of the plate, perturbations of the form of motion 
similar to It are considered. If the smallest perturbations desired 
cause finite deviations from unperturbed equilibrium over time, the 
latter are called unstable. 

As applied to plates, this method Is reduced to the following. 

A differential ’equation of transverse vibrations are compiled, with the 
longitudinal forces taken into account. Further, natural osclllatijn 
frequency Is determined. It depends on the plate dimensions, elas- 
tic constants of the material c^j and load parameter y. At some values /76 

of parameter y» the frequencies may turn out to be zero or Imaginary, 
and their corresponding deflections will Increase Indefinitely. Such 
values of parameter y determine the critical load. 

26. Differential and Variation Equations of Stability of Rectangular 
Plates 


We consider a rectangular anisotropic plate with sides a, b. We 
select a coordinate system such that the x, y axes are along the sides 

of the plate. Let the plate be loaded along the edges with forces , 

T 2 ^» In the mec.n plane of the plate (Pig. 28). 


b 



UltUlLU-l 



rmTtmTrrr 


r; 


i Fig. 28. Loading dia- 

• gram and conventional 

I symbols. 


Let bulging of the plate occur at some 

combination of forces , T 2 ^, S®. It Is 

evident that, with as small a distortion of the 
mean plane of the plate as desired, the equi- 
librium equations In addition to the internal 
forces In the plane of the plate which arise 
in bending do not depend on initial forces 

T 2 *^, S^. More than that, these forces 

generally can be disregarded. The equations 
of equilibrium of the forces normal to the 
mean plane of the plate depend essentially on 
the Initial forces, since the projections of 
these forces on the normal to the deformed mean 
plane are on the same order of smallness as the 
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cutting forces which arise upon bulging# 

By projecting forces T^°, Tg®. S° on the normal of the mean plane 
of the plate after bulging, we obtain 


-P = 


T* 

' » Or* 


+ 25» 


3*w 

OxOy 


+ T 


• d*w 

• '5y* ’ 


( 212 ) 


l.e., the normal component of initial forces 1*2^, S is equivalent 

to the distributed transverse load determined from Eq. ^212). Since, 
because of the smallness of the bulge, all relationships obtained in 
study of the bending of a plate remain unchanged, the following system 
of differential equations can be obtained which describe the bulging 
of rectangular plates. 


1# Differential equations of stability of anisotropic . 
plate"! For rectangular plates of anisotropic structure, the 
dllT^ential equations of stability has the following form 


rectangular /77 
system of 


^6 («’) -r ^ 




a*ir 


0*ir 


+ as 


25« 


ab 



t)»u> 


£-4(«0 -0; 
dir 


•0lUh\ ' 
d’u> „ d*u- 
1 ^ "b Pi ai fiiji 

tVu’ „ dir 

Pi P® di) ’ 


•4 ('!’) ■ ■ Pi "b Pi yt ,i„a "b Pa s ,j,| 


diir 

-«4^,|S “» 

d-'«- 


<>1 


(213) 

(214) 


where differential operators in partial derivatives LgO, are 

determined from Eq. (137), (138). 


2. Differenti al equations of stability of ort h otropic rectangular 
p lat eT. In the case of orthotropic plates, the Principal ^axes^or^aniso- 
tropy of which are parallel to the sides of the plate, differential 
equations of stability (213), (2l4) are simplified somewhat and they 

take the form 




( -.0 

Ii.il 

a'i dj* 


r; di 


+ I.’ /J..4 *b 


b* diji 
d*u> 


d“u’ 




du- 

“*dF 


dhv 


dht> 


I'l) - P»<h,4 Psrfta^y,, 


P» 


f>li’ 


(215) 

( 216 ) 


Differential operators in partial derivatives FgO, Fi^O are 
determined by expressions (148), (149). 

Eq. (213)-(216), together with boundary conditions (22), permit 
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determination of the critical values of forces 

applied to the edges of the plate in the mean plane. It is particular- 
ly easy to obtain results in simple loading; ’.e., when the external 
forces change in proportion to parameter y '©• 

It should be noted that, in the practical use of the method of 
direct integration of differential equations reported above, great dif- 
ficulties arise in a number of cases, which are connected with satisfac- 
tion of the boundary conditions. Moreover, as a rule, the character- 
istic equations which can be obtained in determination of the critical 
load are transcendental, and they do not permit expression of the de- 
pendence of the critical load on the geometric dimensions of the plate 
in explicit form. Thus, it is highly advisable to have an approximate 
method for determination of the critical load. Approximate methods 
are based on consideration of the potential energy of bending of a 
plate upon bulging. 

In derivation of the variation equation of stability, an expres- 
sion must be obtained for the work of the external forces which is ac- 
complished in bulging of the mean plane of the plate. 

This work is letermlned by the expression [17] 






Ow "1 


dx dy J 


dx dy. 


0 0 


(217) 


Based on the general theorems of mechanics, the equilibrium Is 
stable if the potential energy of the system Is at a minimum. Conse- 
quently, the magnitude of the critical load is determined from the con- 
dition that the increment of potential energy of bending of the plate 
upon bulTjing equals the work of the external forces. 

Since the potential energy of bending of the plate is determined 
by Eq. (155), (156), we have the following variation equations of sta- 
bility of anisotropic rectangular plates. 

1. Variation equation of stability of anisotropic plate. For a 
rectangular plate made of anisotropic laminated plastic, the variation 
equation of stability has the following form 


a b 


4 - — D ££. 


(S-)‘+ (^)‘ + + ^)’+ 


(218) 


2. Variation equation of stability of orthotropic rectangular 


plate. For an orthotropic plate, when the principal axes of aniso- 
tropy are parallel to the sides of the plate, Eq. (218) is somewhat 
simplified, and It takes the form 



(219) 


27 . Stability of Orthotropic Rectangular Plate Compressed In One 
Principal Direction of Anisotropy 

Let a rectangular orthotropic plate be compressed In one principal /79 
direction of anisotropy by forces uniformly distributed along the 

sides x«0, x»a (Fig. 29). 



Fig. 29 . Diagram of 
plate compressed In 
one direction. 


We obtain a general expression for determina- 
tion of the critical load by means of Integration 
of the differential equation of stability. By 

Increasing the Intensity of load such a 

state can be reached In which the planar form of 
equilibrium of the plate becomes unstable and 
bulging of the plate occurs. 

The system of differential equations of 
stability has the form 


fa (w) = 




Fa (w); 


( 220 ) 


Fain) r.. n, 


O^u- 


+ Oa ^ 




d^ir 


a, 


Otr 

Oir 

‘^1 


( 221 ) 


where functionals Fg() and F^() are determined by Eq. (l4o) ai'r:’ (1^9). 

a. Stability of plate hinge supported on profile . The solution 
of Eq. (220) which satisfies the boundary conditions of hinge support 
along the contour 


at x=0. 

x=a 


0 

II 

X) 

II 

>> 

W''G2=<I>®0 


can be sought in the form 
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9 » >1 CU3 m nS sin n ni); 
9 i? sin mng cos njit); 

— C sin nt nS sin n ni). 


( 222 ) 


By substituting Eq. (222) in system of Eq. (220), (221), we obtain 

n* (Oig/n* + a4,m*n' -f a,4m*n* -{- ,«•) -f- 

+ n« 0 n* (Yi w« + Y, m*n* + y» »*) == 

“ •jfm*n*|ji‘(a4„m‘ + o„m*/»* + fl,4n«) + n*(a,oW* + ao,n») + o,,); (223) 


A ln*(atorn* + + flo4«*) + a*(a,om* + flo*"’) + 

+ flo ol " + “s n* + a, m n ) ; 

n 1 n* (atom* + aj,mSrt* + ao 4«*) + (flto'»’ + a^ ,n*) + 
+ «ool = — C |p,n*n» -f Pjn»*nn® + p,wnl. 


(22i|) 


In conformance with Eq. (223)* the critical load is determined by /80 
the following expression as a function of two Integer parameters m, n, 
which determine the mode of wave formation 


r 


X 


X 


(a„|W« -f a4,»i«»« 4 + a„„ (y, m* + V;, m«w» -f- yaW*) 

•'** + <*04”*) + a* 4- <>» + <>o B 


(225) 


We present Eq. (225) in a more convenient form for practical use. 
We Introduce the following designations 


where 


(q) = Jt' (a.oT’ + <»4 j 7" )- flji9 + «): 

i<l) " - '^oo (Yi 9* + Ys9 + Y»): 

( 9 ) — (^409* + ®229 + <* 04 ); 

b4(9) ==n>(ajo9 + ao ,), 


(226) 


(227) 


The critical load is then determined by the simple expression 


1 “*;j(9)+«C4{v)+flo« ■ 


(228) 


Prom expression (228), we obtain 


9 (C*M*+C4M+flw)* 


(229) 
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It Is easy to note that the sign of the right side of Eq. (229) 
Is determined by the coefficient 


C 1 C 4 ■“ tiC* -- n* j Yi) 9* + •” Y» + 

4* “t” ®4o**ot ®4o®oo Yi ■” ®ti®ooYi) 9* "i" 

+ ('•»4<*w + ‘*4I<*01 ” fl40®00 Y4 — OfSOot Y» Oo4<>00 Yl) 9* + 

+ (<»0 •«»» + «»4«0 * — Ot^O 0 Y4 — Oo 4<*0 0 Yt) 9l . 


or, according to Eq. (150) 

(D.D*K* 


y 

tel 


t. - C.t. = «• + ^ [fiX + (2DiO. + />: - o k; - 

- 2CD,K,K,1 «• + ^ [(D.D, + 2D\ - C*) (BX + B.K!) - 


- 2 (fl.O, + D| - C')CK,K,] q‘ + [OX + 

-i- 1 2D^D. + D\ ~ C’) K\ - 2CD^KiKi] q + * ) . 


(230) 


(231) 


In this manner, over a wide range of change of plate rigidity 
9T°t 

parameters and, consequently, in bulging of a hinge supported 

o.U 

plate compressed in one principal direction of anisotropy, one half 
wave forms transverse to the compression, l.e., n«l. 


The critical load Is determined by the smallest value of the 
expression 




Cl (7) +;,(?) 

7 Cl ( 7 ) + C, ( 7 ) + ao# 


(232) 


2 2 2 
where q=l » 2 , . . . , m . 

It now Is advisable to consider the case frequently encountered 
in practice of the cylindrical shape of loss of stability of a rectan- 
gular plate upon compression in the direction of the unsupported edges. 


b . Stability of plate with two supported and two unsupported edges . 
In this case, the approximate solution of system of Eq. (220) , (221) 
can be sought in the form 


<p -= ^4 cosm \|) = 0; u> = Csinmn|. 


(233) 


By substituting Eq. (233) in the system of differential equations 
of stability, we obtain 


m*a,o + n* m*a„o Yi = "^f (•''* + ®oo); (23^) 

J (m* Jt* a^o + m*n*o,o 4- Coo) = --£? (m* n®Oj + m no,), (235) 
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whence, for determination of the critical load, the following expres- 
sion can be obtained 


7 *, 1 = 




/ mn) 

t 

D»{ 

1 • J 

)\k 

1 


1 




(236) 


or 



(237) 


In accordance with Eq. (237), in cylindrical bulging of a lami- /82 
nated strip in the direction of compression, one half wave forme (m» 

1) and, consequently 


Ct' + • 


(238) 


The critical load for higher forms of loss of stability (m>l) does 
not tend toward infinity, as occurs in the case of uniform shells, but 
toward finite limit K^. The equivalent of this is that, with decrease 

in length of a rod, the critical load, upon Increasing, asymptotically 
tends towards finite limit K^. This phenomenon should be taken into 

account in the use of reinforcing ribs made of laminated plastics to 
strengthen a cylindrical shell. The carrying capacity of such stif- 
fening ribs can be limited by their rigidity in transverse shear. 


28. Stability of Hinge Supported Rectangular Orthotropic Plate in 
Compression in Two Principal t>irectlons of Anisotropy 


We now consider the problem of the stability of a rectangular 
hinge supported plate with sides a, b, in which the principal axes of 
anisotropy are parallel to the sides and which is compressed by uni- 
formly distributed forces T2*^ (Fig. 30). 


HiiinuitiuiK 



Pig. 30. Diagram of 
plate compressed in 
principal directions 
of anisotropy. 


We obtain a solution by using varia- 
tion equation of stability (219)* We assign 
the deformed state of the plate after bulg- 
ing in the form 


9 = /I cos sin 1 ] {/; 
9 ■“ flsin A.XCOS 1 ] y\ 
w — £ sin A. X sin 

where 



(239) 


(2ii0) 
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the following can be obtained 


— AXsinXzsinif 
J T)C0sXzC06t) y\ 
~ » ^XcobXzcosi){^; 



da 

dx 


6>- 

tff 


-~B 1) tin Xz Bin 1)1^; 

£XcosXz8inf)|^; 

£XBinXzcoBi)y. 


( 241 ) 


By substituting Eq. (239)* (241) In variation equation of stabll- /83 
Ity (219), we obtain 


ri h 

U = f f {Oi X*siii*Xi¥iiriij/ -f 2C’Xn^flsin*Xzsin*Tiy -f 

0 u 

: I- ^3(11-4 + XB)»cos*Xicos»tiy + 

-r- A', (-4 -t X E)- co.>*> X X q y + A', {B + \\ E)' sin* X icos* y - 

- r “ X‘ E* cos‘ X z si n’ ti y - r; Ti* E* sin X z cos ti y 1 <4r (iy - 

- ~ iZ>,X*/l* + 2CXTi>l£ + D,ii*A» + /),(ii/l + Xfl)» I 

f A, (/I + X A)* 4- A- (C + n A)* — (f J X* 4- *1 ) A I , 


(242) 


where, as before, C»D^ 2 '*'D 3 * 

The minimum potential energy condition has the form 


d(l dV _ ^ 
Ta " dH ”■ dE 


(243) 


or, after reduction. 


•4 (C 4- Z?3)Xr, 4- 5(^3 ,1* + Z>3X* 4- A',) 4- At, A, 0; 
^ X A, 4- At, A, 4- A(X* A, 4- 1,‘ A, - T-Jx* - r.*!,*) ^ i 


(244) 


The condition of nontrlvlallty of the solution of this system 
gives the necessary characteristic equation for determinatloi; of the 
critical load 
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/>,x» + o,Ti» + /:, 
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C Xt) 

^,*1 


0 


(2^*5) 


or 


/f,X 

K,^^ 

A'iX* + /f,t|‘- 

-(rJx’ + T';!!'] 


(r; X* + T\ n*) ((D, X* + D, n* + A.) (o, n* + ^>3 a, - f*x*,,’J 
=» (D, X« + ti* + A») (O, V + /?, X» + A,) (A, X« + A, n*) + 
+ 2CA,A, X*i/ - (Z), n' + Z), X* + A,) Aj X* - 
- (Z), X* + Z)ati* 4- A,) A| 1,* - C* (Ai X* + A, n') X'l,*. 


(2i^6) 


As a result, for determination of the critic?! load of a hinge 
supported orthotropic plate compressed in the principal directions of /8^ 
anisotropy, the following expression can be obtained 


7“ _L T* (-Y — n* VI n)+ ;t ("I . «) 

'\a/ •\*/ Cj ("I. «)+ V4 ('«•") + “•o’ 


(247) 


where, in accordance with Eq. (150), the following designations are 
introduced 


VI ("t, n) — Ji* (atom* at^m*n* + as,m^/i* -f floc«*); 
ii(m, n) - a„o (Y j m* - y.i "<*«* + Y» ”*): 

Vs(»*. '0 - !^*(ato"i* 4 a,.,m*/r-f- a„tn*); 


(248) 


In simple loading, when the load along all edges Increases in 
proportion to a single parameter, i.e., when T 2 ^“d)T, the 

critical value of parameter T is determined from the expression 


7’ 




(ffi, n) Zj (fu, n) 

V.1 «) -t- Cl (w, «) -ro,« 


(249) 


i.e., the problem is reduced to finding the smallest value of the 
right side of Eq. (249) as a function of integer parameters m, n. 

29 . Stability of Infinitely Wide Orthotropic Plate in Compression 
Along Short Sides 

Let an extremely wide orthotropic plate of length a be compressed 

by forces which are uniformly distributed along the wide edges. 

We will assume that the principal directions of anisotropy coincide 
with the sides (Fig. 31). In this case, a cylindrical form of loss of 
stability can be considered, i.e., it can be assumed that all components 
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of displacements and forces do not depend on coordinate y. The system 
of differential equations of stability then takes the form 


— floo -f a„»r"); 


,.iv 


r! 


flio ^ V + <*00 0| ** c* u; , 


(250) 
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Fig. 31. Loading dia- 
gram of Infinitely wide 
strip . 


In accordance with Eq. (150), system of /85 
Eq. (250) can be presented in the following 
form 




(251) 


System of Eq. (251) satisfies the solu- 
tion of the system 


vjhere 


A* 


u-‘'' + aV'- 0: j 

(252) 

(f " _ p* q, ptu% I 


TA”, , A, 


Oi(K,-T) ’ • 

(253) 


The general solution of system of differential Eq. (252) has the 

form 


w =- C, cos Ax -f Ct sin Ax 4- TjX 4- C,; j 

f = j (25^) 


It also is easy to find the bending moment and cutting force 


Qi 


' Ji+Jt (t, COS Ax 4- Tj sin Ax); 


(255) 


Further, we consider some partial cases of fastening of the plate 
edges x**+a/2. 

Edge of plate hinge supported . Because of symmetry, an even 
solution for x can be considered, i.e., it can be assumed that C 2 ~C.^’= 0 . 
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Consequently, the boundary conditions are satisfied if cos ka/2»0 or 
ka-TT, and the critical load Is determined by the expression 


T 


cr 


n» D,K, 


( 256 ) 


b. Edge of plate rigidly fastened . The boundary conditions have 
the form 


r, c»'s — + r. 


0 : 


£-.73?Er'‘"T“«' 


(257) 


as a result. It follows that ka“2ir and, consequently, /86 

fp 4n* D^h I 

( 258 ) 

c- Edge x«-a/2 rigidly fastened, edge x»a/2 unsupported . In this 
case, the bounidary conditions have the form 


where 


C,cosa — Cjsina — C, -j 4 - C, = 0 : 

C, sin u 4- r, cos a 4- C, 0: 

C, COSO 4- CjSina 0; 
C\T^-0, 


— ± l/_ 

2 " 2 r "57 


rA', 


(A',-D 


(259) 


(260 


The characteristic equation for decermlnatlon of the critical 
load has the form 


sin a COSO 
cos u sin a 


0 . 


( 261 ) 


from whlcl 


2 2 2 

we have k a =n and. 


consequently, 


T = n* DjKi 

cr 


( 262 ) 


d. Edge x«-a/2 rigidly fastened, edge x*a/2 hinge supported . For 
such boundary conditions 

at x = —j u> = (p = 0; 

at ^ - T =--= C, = 0, 
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from which we obtain the following system of linear equations 


C’l coaa — C’jilu a — C, j + C* -« 0; 
Cl ain a -f C, coa a -}- ■* 0; 

Cjcoaa +C,aina -f C,|- -f C* « 0; 
C|Coao 4- C|aina ■» 0. 


( 263 ) 


From Eq. (26^). It Is easy to obtain the following trans- /87 
cendental equation for determination of the critical load 


, p‘ka ka 

tg ha »= 'pi + iit ‘ i + \k‘a» • 


(264) 


where parameter y characterizes the effect of Interlayer shearing on 
the critical load of the plate and Is determined by the expression 


Y ^ 


A',n» 


(265) 



If the least root of Eq. (264) Is 
designated by w, the critical load Is de- 
termined by the following formula 


T <0* DxKx (266) 

cr ID'* 


The least root of Eq. (266) as a func 
tlon of Y Is determined by the graph pre- 
sented In Fig. 32. 


Pig. 32. Graph for de- 
termination of least root 

of equation tanx» k-. 

l+Yx'^ 
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CHAPTER 6. TRANSVERSE OSCILU ONS OP ANISOTROPIC LAMINATED PLATES 


0. Formulation of Problem oi fransvorBe Osclllationg of Anisotropic 
laminated Plaies' 


We will consider small bending oscillations of uniform anisotropic /88 
plates of constant thickness bounded by a simple profile. We will as* 
sume the bending deformations which arise In the oscillations to be 
small elastic oscillations which are governed by the generalized Hooke's 
law. Such oscillations are described by differential equations which 
are similar to the differential bending equations. Their fundamental 
difference Is the dependence of the external load and, consequently, 
deformation functions (^, ip and plate deflection w on time, as well as 
the presence of additional terms which define the Inertial load. 

Forced oscillations of the plate which arise as a result of vari- 
able transverse load p(x, y; t) should be distinguished from the natural 
free oscillations. We will state that the plate accomplishes free 
transverse oscillations If any forces which impart deflections and ve- 
locities to the particles of the mean surface are Instantaneously re- 
moved. 


Thus, the system of differential equations of oscillations of an 
anisotropic plate can be written In the following form 


^4 (9) = ^ + o* IfTSilf + “9 -STrf^ir - «4 - 

/^4 (9) - P. + P* Tfk- + Wk - P' 


(267) 

( 268 ) 


where p Is the plate material density; q Is the variable transverse 
load applied to the plate. 

Differential operators LgO, L^() and coefficients a^, are /89 

determined from Eq . (13^), (137) and (138). 

In the case of a rectangular orthotropic plate, the principal 
axes of anisotropy of which are parallel to the sides, the system of 
differential equations is simplified, and it takes the form 


F, (w) ^ q 6 




^4 ('# ) 


*1 dtF 


^4(<»)-P:”f + P; 


+ (Ph 

» t>l "dr ’ 

_ dw 

~ P»^- 




(269) 

( 270 ) 


Operators FgO, F^() and coefficients a^, are determined by 
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Eq. (1^8)-(151)> The free oeclllatlons of the plate are determined by 
solution of uniform system of Eq, (269), (270). 

Deformation functions 0 and as well as plate deflection w should 
satisfy boundary conditions which depend on the fastening conditions of 
the bounded profile of the plate and the Initial conditions which de- 
fine the form and velocity of displacement of the particles of the mean 
surface at the Initial moment of time, l.e., at t«0, the following con- 
ditions should be satisfied 


V “ <Jo(s. n): “ ♦•(5. ’i): 

-gj- “ p«(s. n)- 


(271) 


The solution of the problem of free oscillations of the plate is 
reduced to determination of the form of the oscillations, which Is 
determined by the mode of functions (j>, w and the natural oscillation 
frequency. It should be noted that. In oscillation theory, the elgen- 
frequercies of an elastic system are of extremely great Importance. 

Following S.Q. Lekhnitskly [17], we reproduce the trend of the 
solution of the problem of free bending oscillations of an anisotropic 
plate by the Fourier method. 

We represent the solution of system of Eq. (267), (268) In the 
form of the product of the periodic time functions by the amplitude of 
Che corresponding funetio^s, l.e., we set 

«p = + n): 

t|)-(<’,cos/>/ -|-C,sin/> 0 'F( 5 . n): (272) 

IP ^ (C’lCos^X 4-r’,8in/>/)IF(|, r\), 

where p Is the frequency of the natural oscillations of the plate. 

By suDstitutlng Eq. (272) in Eq. (267), (268) for determination /90 
of S', W, we obtain the system of differential equations 






, „ dm 

* * «***c>i) ' 


-a. 


am 


+ P 


-a. 


am 


aw 
“‘-55 

Pi-g^ + p,- 




a=>w’ 




a a aw 


(2 


3) 


By satisfying the assigned boundary conditions of the problem, as 
is done in determination of the critical load, we obtain a character- 
istic equation which determines the presence of the nontrivial solution 


A(p)"0, which gives an infinite spectrum of the eigenfrequencies of 
oscillation of the plate. 

The eigenfrequencies of oscillation of the plate depend on two 
Integer parameters m, n*l, 2, 3* • » The lowest frequency is called 
the eigen frequency of the primary tone, and the remaining frequencies 
are called frequencies of the second, third, etc. order. Each eigen- 
frequency Pjjj^ corresponds to the form of the natural oscllletlons 

which l3 determined to within an arbitrary factor, 
mn ' mn * ^ 

Functions frequently are called eigenfunctions. 

They are used in solution of problems of oscillations of a plate. 

If the deformed state of the plate must be determined at any 
moment of time, the following procedure is used: initial functions (1)^, 

^o» Wq and initial velocity v^(5, n) are expanded in series by the 

eigenfunctions 


Vo (b» T|) — ^ Qmn*I*mn (S, T|); 

m n 

'I’oa. ;SpmnVmn(g. t]); 

m n * I/* 

yo(S.ll) -|:|fi„nW'm„(g. 

m n 


(274) 


and the solution is found in the form of the analogous series 


/91 


oo oo 

v(5t 'It 0 = COSp< -f- CjmnSia p/) (I, n); 

fn n 
00 oo 


V (&’ 'll 0 — (^imnCOSpi CjmnSin pt) ^mn(\, Tl); 

fji n * 

00 oo 

•i’ (5t 'll 0 — 2 ^ (Cinn cospi CjmnSin PO v6t Ti). 

Tn fi 


(275) 


There is no difficulty in finding constants and, con- 
sequently, the deformed state is determined by the sum of simple har- 
monic oscillations. 

The porsibillty of expansion of the solution in series by eigen- 
functions is based on the orthogonal nature of the latter. Actually, 
let the plate accomplish simple harmonic oscillations of frequency p, 
when the inertial load acting on the plate is p6p2w(x,ri)* Since the 
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plate acquire'- deflection w. as a result of characteristic load 

2 ^ ? 
p6Pi and deflection Wj^ as a result of characteristic load 

according to the reciprocity principle of the work of Beatty, we have 

(276) 

j f dldi] = q 6 f J plwhWi dtj, 

from which it follows that 

{p*~ph)fj Wi(l, r\)iVk{l, r\)dldr\ =0, (277) 

l.e., eigenfunctions w^^ are orthogonal. The orthogonal nature of 
eigenfunctions <J)^, (i“l, 2, 3» . . . ) is proved similarly. 

Thus, if deflection is presented in the form of an expansion by 
eigenfunctions 

the coefficients of expansion are determined by the expressions 


j j (h> T|) (£■ tj) rf»i 

J J u'i (£• n) dx] 


(278) 


If the eigenfunctions are normalized, l.e., if 


// r])dldx\ = 1 , 


(279) 


the coefficients of expansion by eigenfunctions are determined by the 
expressions 


a» = ti)d6dti. 


C280) 


31. Variation Equation of Transverse Oscillations of Rectangular Plates 

Exact determination of the form and frequency of oscillation of a /92 
plate, with the exception of the simplest cases of a hinge supported 
rectangular plate, involves the solution of extremely complicated sys- 
tems of differential Eq. (267), (268) for anisotropic plates or Eq. 

(269), (270) for orthotropic plates. In the solution c-l‘ specific 
engineering problems, approximate methods based on some general prin- 
ciples of mechanics are extremely effective. In theories of core 
systems, such methods permit rapid determination of the frequency of 
oscillation of the primary tones, which are of the greatest practical 
interest, without integration of differential equations. These methods 
can be generalized for the case of transverse oscillatlonc of plates. 


76 


We consider the action functional of Ostrogradskly-Hamllton 


S 




f{T-U)dt, 

•a 


( 281 ) 


where T and U are, respectively, the kinetic and potential energies of 
a plate accomplishing transverse oscillations. 

From the class of permissible functions which describe bending 
oscillations of a plate, we take the population of principal oscil- 
lations with frequency p. 

By Integrating over time for one period of oscillation 

2it/p, we obtain the variation equation of transverse oscillations of 
the plate In the form 


6(T -U )> 
^ max max 


(282) 


the natural primary oscillations satisfy this equation. 

We now write Eq. (282) In expanded form. For this, we determine 
the maximum values of the kinetic and potential energies of the plate. 


If the plate accomplishes transverse oscillations <I>q(x, y; t), 

4'q(x, y; t), w^(x, y; t) the corresponding potential energies for a 

plate with a general type of anisotropy and an orthotropic plate, the 
principal axes of anisotropy of which are parallel to the coordinate 
axes, are determined by the expressions 




+ ( 


«><Po 


&lf dx ) ^ 2 fix 




( 


fi<p« I 

Oy “ fix 


) + 


D 


fi'fo 
-* dy 


fi!/ 


fix 


)+A'.(to+ + 


+ dxdy; 


(283) 






fi<T(i _L 
dy ' fij 


(28i|) 


The kinetic energy of a plate accomplishing transverse oscllla- /93 
tlons is determined by the known expression 


T 




(285) 
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When the plate accomplishes ore of the primary oscillations, 
1 . e . , when 


To (Jf. y; 0 T (JJ. t') sin {pt -f a); 

To (*< {/; 0 =• T (*. V) sin (pt + a); 
n'o (*. y\t) = w (x, y) sin (pt' + a), 


( 286 ) 


the greatest potential energies are determined by Eq. (28ii), (285) 
where, Instead of deformation components Tq» w^, their amplitude 

values (J), w stand, and the greatest kinetic energy of the oscillating 
plate 

jQdp’‘JJu>^(x, y)dxdy. ( 28 ?) 


Consequently, the variation equations for the principal natural 
oscillations of the plate can be written In the following form: 

a. variation equation of oscillation of anisotropic plate 


+ 


2 


UJ [0„ (*)%20„^^ + D„( 41 )- + 

(ij + -^) + *■ (f + -^ )‘ + (♦+ -y )’] - 


— efip® J f «»•(*, y) dxdy^ *= 0; 


( 288 ) 


b. variation equation of oscillation of orthotropic plate, /gij 
the principal axes of anisotropy of which coincide with the coordinate 
axes 


+/>.(-g-+^)’+^.(^+-^)'+ 
+ (’t + -S’)’ “ '’’“■'I ■ 


(289) 


In Eq. ( 288 ), (289), s' designates the variation of the functional. 

The solution of the variation problem of transverse oscillations 
of a plate, as In the case of static bending and stability, can be ob- 
tained, for example, by the Rltz method, namely, deformation components 
4>, ip, M are assigned In the form of an Infinite sum with the indeter- 
minate coefficients 
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( 290 ) 


00 CO 

«p (X, y) = Amn «Pmn (x. If); 
m II 

00 00 

tl>(x, y) = 2IS^mnl|!mn(x, y); 
m n 

oo 00 

ir(x, y) = ^CmnU'mn (X, If), 
m n 


where 4 \p^^, w are complete s' terns of continuous functions de- 

mn ^mn* mn 

pendent on two parameters and satisfying the conditions of fastening 
of the edges of the plate. After formulation of Eq. (290) in varia- 
tion equations and integration, the problem is reduced to finding the 

minimum of the quadratic functions of arguments A , B , C , l.e., 

mnmn*mn* 

to solution of a system of uniform linear algebraic equations for A , 

B , C . 

mn* mn 

The condition of nontriviality of the solution leads to the char- 
acteristic equation for determination of the oscillation frequency 


|ao(/>)| = 0. 


(291) 


The smallest value of the root gives an approximate value of the 
f'-.clllation frequency of the primary tone. The remaining roots are 
;he frequencies of the higher tones. 

32. Determination of Frequencies of Natural Oscillations of Orthotropic 
Rectangular Plate 

We consider bending oscillations of a rectangular plate made of an 
orthotropic material. We will assume the principal axes of anisotropy 
to be parallel to the sides of the plate (Fig. 33). 

a. Free oscillations of hinge support- /95 
ed rectangular plate . It is particularly 
slm.ple to obtain a solution of the pi'oblem 
for a hinge supported rectangular plate. 

In accordance with Eq. (273), the system 
of differential equations of the natural 
oscillations of an orthotropic plate has 
the form 


Fig. 33. Basic designa- 

F, (w) 4- (w) = 0; 

(292) 

tions. 


(293) 



where operators Fg(), F|^() and coefficients a^, 3^^ are determined by 
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Eq. (148)-(151). 


The solution of system of Eq. (292), (293) which satisfies the 
conditions of hinge support of the plate, l.e., the conditions 


at 

x-0. 

x«a w“i|)«Gj^»0 

at 

y-0. 

y"b w»(j)“Q 2"0 


can be sought in the form 

<p = .4 cos m nj sin n nt): 

^ = Bsinmnlcosnnti; 
u> ™ C sin m sin n ni], 

where m, n are whole numbers. 

The oscillation frequency is determined from Eq. (292). 
stitutlng Eq. (29^) in this equation, we obtain 

_ n* (a,iom* -f a„m*n* -f- ‘ m« -}- y, m*n* + ) 

+ -f- n’ + +a„o 


(294) 

3y sub 

(295) 


where coefficients are determined by expressions (150), (151). 

The oscillation frequency of the primary tone at m=l, n*l 

K* (o,ii ‘ lia, a„ -f a<n) + Onn (Vi + YaH- Va) / -i n /r \ 

Ptt ~ ^ ^ n* (a4u-f-Oaa + ao«)4-'''‘(a*o+ao») + Oo>) * (296) 


b . Free oscillations of rigidly fastened rectangular plate . For 
a plate with rigidly fastened edges, it is extremely complicated to 
obtain a precise solution. Therefor^*, for determination of the fre- 
quency of the natural oscillations, we use variation Eq. (289), which 796 
we write in dimensionless coordinates 5“x/a; n=y/b; 


t 1 


ff r /i3LV-_ 

2/J„ 

h. ^'1' 4- 


viiy 

j J L a* WW ' 

atf 

a.) 


\ "n / 

0 0 





n P il j. 1 

H V 


a 

— V + 


+ A's (4- + i - eft d'i dr] = 0. 


(297) 


We will seek the form of oscillation of the primary tone in the 

form 
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— B — cos -2^^ sin -2^ ; 
u; = /’(l-cos^)(l-cosi^).| 


(298) 


By substituting Eq. (298) in the variation equation, the fellow- 
Ing can be obtained 


where 


+ ^.af+^bf\ = o. 

^ ^*1 , jp 


(299) 

(300) 


The condition of nontriviality of the system of linear equations 

(301) 


_ i£ - _ 0 

dA ~ dU HF 


has the form 


^ ' 


’ aft 


ab 

\ 6X ^ 3fl* 


3A, 

3 A, 


2r> a 

2.-»6 


from which we find 


3A'| 
2n a 
3A, 
2n b 
3A, , 3A, 
a» 6* 

_ Ogfi P* 
4n* 


3 q 6 P 
4 




[(X, 4-A',)(?4+A'»)~^ 

+ (^ + [(^« + ^x) (^ + - iSr] 


^(h + K,)-J^{P + K,), 


where 


K 


Dx 

a* 


. 1 I 


3*» ’ 


b‘ 3a» ' 


-0; 


(302) 


(303) 

(304) 
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tone 


Consequent xy, the frequency of natural oscillation of the primary 
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] 


Pll 


T- , 2(C+0,) 




+ 




2« 

/S«5 


^] + ( ^ + -Jr ) ( - -e^r) 


(X,| + A’l) (Xt + A't) — 


f* 


(305) 


As K 2 -*-«, l.e., without accounting for Interlayer shearing, 

the known formula for the frequency of natural oscillations of an ortho- 
tropic rectangular plate with rigidly fastened edges follows from Eq. 
(305) 


Pa = 


22.79 i / O, 
/c6 ^ 


2(C+Ot) ■ Z?7 

3a*6* 


(306) 


0 . Transverse oscillations of laminated strips . Free primary 
oscillations of laminated strips are described by the following system 
of differential equations 


where 


Iff' ' -f 2 r~iff 

i 

«P 


5*U> 


0; 


2 2 ' 
(0*9 = (1) U? , 




s* 


_ Qftp* 


(307) 


(308) 


If 




+ S* - r*; 




v7r:r7+r* 


(309) 


Is designated, It is easy to obtain a solution of Eq. (307) In the form /98 


u> = C,ch Aj* + C, sh AjX -f C,cosA,x + C«sin A,x; 
^ 

~^r~* (^» — C, cos A',x)- 

There also can be found 

(^ich &,x C, sh Ajx) — 

— TTj^ (^8 cos A,x + C, sin Ajx); 


(310) 


( 311 ) 
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We select a coordlna;e system as Indicated In Fig. 3^» and we 
determine the free oscillation frequency with various fastenings of the 
ends of the strip x«+^a/2. 



Fig. 3^. Strip with rigidly 
fastened ends. 



Fig. 35. Diagram of bracket 
and coordinate system. 


a. Edge of strip hinge supported . 
By satisfying the boundary conditions 


w“Gj^"0 at x«jh|- 

the following can be obtained 

C, ch Oj 4- C, coa a, == 0; 

fe’ k* 

- .t ' Y ch Oi + Ca ' - j cos a, = 0; 

k ^ Cl) ® 

C, sh a, + Ct sin a, = 0; 


where 


kia 

k^a or 


r/V 




a, = 




(312) 


(313) 


The characteristic equation can be 
written in the form 

cos oi 2 = 0 ; sin a 2 = 0 ; 

and, consequently, the frequency spec- 
trum of free oscillations of a laminated 
strip is determined by the expression 


n* ■t /' AT|/->| 

V ^ + A'i«* ' 


(31M 


b. Edge of strip x=0 rigidly fastened, edge x=a unsupported (Fig. 
35). By satisfying the boundary conditions 

w=t=0 at x=0, 

Gi=Qi »0 at x=a, 

we obtain the following system of linear equations for determination 

of the frequencies 


-}- Cj = 0; 

k* 

(C| ch 2Q| “f* Cj b1i 2Q|) -f- 


i 

k* 

+ TTf-T ®®® 2a, + C* sin 2a,) — 0; 

*gT® 


(Cl sh 2a, + C, ch 2a,) 


(C, si n 2a, - C, cos 2a,) 0. j 


(315) 


Consequently, the frequency spectrum of the natural oscillations /10( 
of a laminated bracket Is determined by the equation 

, ( 316 ) 

^ ch 2a, cos 2a, ^ sh 2a, sin 2a, — 0, 


where and a.^ are determined by Eq. (313). 

As there Is the known equation for determination of the fre- 

quency of natural oscillations of the bracket 


ch Ar,acosA‘,a = 1. 


(317) 


33. Axlsymmetrlc Transverse Oscillations of Circular Plate 


If a circular plate made of a cyllndrlcally orthotropic laminated 
plastic executes axlsymmetrlc transverse oscillations, the system of 
differential equations has the form [14] 


Af * 


Qin 


djrQ,) 

dr 


— Qbr 


S*u>i 

~W 


- q (r, t) r, 


(318) 


where p Is the density of the laminated plastic; q Is the external 
transverse load which changes over time. 


By substituting basic relationships (64), (65) In Eq. (318), we 
obtain 


~Spr 

, 1 

dr* r 


, i ™ / du>, , \ 

+ T— fi z>r(-ar + ‘Pi): 

^ * dr ^ r dr ' A', dt* ^ A, 


(319) 


For the principal normal oscillations of the plate 
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?i 0 “ f {') {Cl cos « I + C, sin (A /); 
u», (r, t) (r) ((7| cos ® / -j- C, sin a I); 


( 320 ) 


and, consequently, the oscillation amplitudes comply with the following 
system of differential equations 


where 


w' + P*“^ = — (t' + ; 


fc* 


£l 


X* 


ii- 

A’l ’ 


q6m* 

TT' 


(321) 

( 322 ) 

/lOl 

(323) 


Eq. (321), 
equations 


(322) are equivalent to the following differential 



(324) 

(325) 


Eq. (324) Is a fourth order Fuchs class differential equation. We 
will seek Its solution In the form 


<p = ^ Amf"'- 


m =a 0 


( 326 ) 


By substituting Eq. (326) In Eq. (324), the following can be ob- 
tained 

on 

[a + fcm -|- cm (wi — 1) + em (m — l)(m — 2) + 

4- m (f/» — 1) (m — 2) (m — 3)] Am r” + 

4 + f{m—2) + p*(m — 2) (m -3)) /Im-or” — 

2 


where 


a = oI — 4o! 4- (3 — X’j qI + 4X* p, — 3X*; 
b = 4qJ — 6q, — 2 (Jt 4" l) Go + ; 

c ■-= Cq, — (X, 4* 2); 

d = p’(gI — ?•'); 

e ~ 2(2p, 4- 1): 

/ = pM2Qo-M). 


(327) 


(3^0) 
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The following recurrent formulas for coefficients A ' can be ob- 
tained from Eq. (327) 

ffi w 0, m 1 

|a -h bm -f cm (m — 1) 4- em — I) (m — 2) + 

+ w(m~l)(m-2)(m-3)|„'C«0; (329) 


m — 2. m -- 3 
Am “ 

-\d+ f(m-2) + p*(m-2y( -3)| . 

+ — (m — 2)-f- m (/n — |) (m — 2) («— 3) *’ 

mSs4 

” ' a-f fem + rm (m — • ) + - l)(w — 2) + m (w — l)(m— 2} (m — 3 ) ‘ 


(330) 

(331) 


In accordance wltn Eq. (329), the characteristic equation for 
determination of has the form 


0, ~ '*?• + (3 — ^ ) pj -f 4^*5, — 3A* ~ 0. 


(332) 


/102 


The roots of this characteristic equation are 


Co 1: oJ ' 3; e"‘ =- >■: C^ 


(333) 


It Is easy to note that (ni“0, 1, 2, 3, . • .). 

In the case of a continuous plate, the solution which corresponds 
to root Pq“-X should be set equal to zero, and roots p^^-1, Pp^^“3 

gives 1? nearly dependent solutions. The missing solution should bo 
sought in the form 



00 


^oT* ^ Am 

m = 0 



(33^) 


II 

where (^2 solution which corresponds to the root p^ ®3. 

By substituting Eq. (33^) in Eq. (524), we obtain 


(3 ( 16 - m + (52 - X*) m (m - 1 ) + 14m (m - 1) (m - 2) + 


m s* 0 


-f- m (m — 1) (m — 2) (m — 3)) A!mr”'-\- 2 [p* (9 — X*) + 7p'(m — 2)4- 

2 


4 - p* (m — 2) (m — 3)] Am- s'-" — A V 2 A',L tr" = 

4 

= ^ 0 112 (9 - X*) 4- 2 (34 - X*) m 4- 36m(m - 1) 4- 


(335) 
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( 335 ) 


+ 4m (m - i) (m —2)1 (-4m), r* + 

-t- ^ (0/»’ f 2p* (m — 2)J (.4m.a), r". 

In this manner, for coefficients the following recurrent re- /103 

lationshlps can be obtained 


where 


ffl es 2 


I 


8(25-X*) 

4- Af j^0&* (-4,), 




2*»ni3~.u»)(o--x«) I .-o 

8(25-X*) 




(336) 

(337) 


for m>.2n (n«l, 2, 3» 


.) 


- 4 m — 


|.■)(i«-X*)m + (52-X,•)m(m-l) + 14m (n»-l) (m-2) ^ 
X jfp*(9--^*) + 7p’(m-2) + i»*(ii»-2)(m-3)] 

- *V‘-4m-* + A, [2 (9 - 1*) + 2 (34 - A*) m -f- 
+ 36m (m — 1) -|- 4m (m — 1) (m — 2)] (-4m), + 

+ -4o [6&* -f 2k (m — 2)] (•<4»n-2)i}» 


(338) 


where coefficients (A^j^’)]^ are determined by the expression 

(^lm)l " 

**P* — lp*(9 — >.*) -f 7p* (w— 2) (m— 3)1 ( 4^_2), 

m (3(16 -X») + (52 - X») (m - 1) + 14 (m - 1 ) (m -2) + (m- 1 ) (n,-2l(m-3) ‘ (339) 

The odd coefficients again equal zero. 
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CHAPTER 7. MEMBRANE THEORY OF ANISOTROPIC LAMINATED SHELLS 


3^. Region of Applicability of Membrane Theory of Shells and Boundary 
Conditions 

The simplest alternate version of the general theory of shells Is /lO^ 
the membrane theory, which is widely used for calculation of various 
engineering structures and buildings. The explanation of this is that 
the membrane theory quite satisfactorily describes the behavior of 
thin shells under various loads which have to be of concern in engl*- 
neerlng. The simplicity and value of membrane theory Is not only sig- 
nificant mathematical simplification of the basic differential equa- 
tions of the theory of shells but also that, in many cases, the results 
of the basic stage of the theory, which consists of determination of 
the nature of transmission of forces from the equations of equilibrium, 
are valid for any thin shells regardless of their structure and nature 
of deformation. Structural Inhomogenelty within the shell material ap- 
pears in subsequent stages of solution of the problem, which are con- 
nected with determination of the deformed state and the nature of dis- 
tribution of stresses through the shell. 

As in the case of isotropic or anisotropic shells [1, 8], we will 
call membrane theory an approximate method of calculation, based on the 
assumption that bending stresses are small compared with the stresses 
uniformly distributed through the shell. This assumption is mathemat- 
ically equivalent to the assumption that cutting forces Qj can be 

disregarded in the first three equilibrium Eq. (17). With the inten- 
tion that only shells of rotation will be considered subsequently, we 
write the basic equations of membrane theory for this partial case. 

Membrane theory of anisotropic shells is discussed in greater detail 
In the monograph of S.A. Ambartsumyan [1]. 

As curvilinear Gaussian coordinates which define the positions of /105 
points OP the mean surface of a shell, we use arc length s, reckoned 
from the initial parallel (point M^ in Fig. 36) and angle 0 between 

two planes passing through the axis ■''f rotation. One such plane was 
selected as the initial plane. We Introduce two more coordinates: 
shell cross section radius r and angle a between the normal to meridian 
n and the axis of rotation. 


Principal radii of curvature R^, R2 are determined by the expres- 
sions [8] 


H 





(S'^o) 


Two Gauss-Codaccl relationships are satisfied Identically, and 
the third has th»“ form 


dr ./(/?, sin a) D 

-j— = — --- H. cos a 

da da * 


( 3 ^ 1 ) 


The last relationship can be obtained from geometric oonsldera- 
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Pig. 3^i. Sketch 
of shell of ro- 
tation and con- 
ventional sym- 
bols . 


tlons (Pig. 37) 

Ar 

j—:^coaa. 

Tf the components of the distributed surface 
load acting on the shell are X, Y, Z, equilibrium 
Eq. (17)» with A. »1, take the form 


+ 2iScoso ™ — Yr\ 
JLl j- -Ti — 7 


(3^2) 


In accordance with Eq. (10), the components of 
deformation of the mean surface are determined by 
the expressions 



Pig. 37. Geomet- 
ric interpreta- 
tion of Gauss- 
Codacci relation- 
ship. 


__ 9u , v> , 

~ "57 ■+"«r ' 

t Ov , u I u* . 

+^_4Lco8a. 

r ^ r 




(343) 


For shells with undetermined anisotropy of 
elastic properties and for shells made of ortho- 
tropic materials, the principal axes of anisotropy 
of which do not coincide with the coordinate axes, 
in accordance with Eq. (8), (343)* Hooke's law has 
the form 


~ -I* (fluf 1 + 

■” Tip + ~ cos a 4* + o» 2 ^a + Os3^)l 

7 "^ + " It ~ ^ ® 33 *S')- 


(344) 


Correspondingly, for orthotropic laminated shells, the principal 
axes of anisotropy of which coincide with the coordinate axes, in ac- 
cordance with Eq. (28) and (343)* the elasticity relationships have 
the form 


it ^ ^ ‘ 

Oi Jti i>,(l-v,v,) ' 


* I “fmiT I T,-VtTi 


1 du 
r W 


, dv V 

+ _^>_cosa 



(345) 
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Thus, the systems of differential equations of membrane theory can 
be Integrated In tw successive stages: 

stage 1 . by solution of system of Eq. (3*^2), elastic forces 
Tg, S of the shell are determined; 

stags 2 . from system of Eq^ (3^^) or (3^5), displacements 
u, V, w are determined for anisotropic and orthotropic shells. 

Since, by the definition of membrane theory. Interlayer shears Y;^» 
Y2 ar*© absent or negligibly small under load, by Eq. (12) we obtain 

dw ,11 1 I 

+ “IF ■^"T- (?^ 6 ) 


The components of effective change of cvcvature and torsion of 
the mean surface. In accordance with Eq. (11) and (3^6), are determined 
by the following expressions 



(347) 


Bending moments and torques G^, G^t H can now be determined by / 107 
Eq. (4) or (25). 

For shells of rotation with random anisotropy of properties and 
for orthotropic shells, the principal axes of anisotropy of which do 
not coincide with the coordinate axes, there are the following expres- 
sions for determination of the bending moments and torque 


Cl - Oil -|r - J 7 ) + On (-f (t § ^r) + 

, / Sw tt_\ cosy / 1 V NT 

r dp\ ds 7f, / r \ r )\ ’ 


1 6 

/ dw 

u \ cos n j 


dw 

— — M • 

r ap 

V Ss 

Ri ) ~~ ' 

< r 

dp 

fla /J ’ 

• ^ ( 

dw 

u \ I r» r 1 

d 


dw t» \ 

^ir\ 

ds 

- sr) + I t- 

dfi 

(t- 

dp ”sr; 


( 348 ) 
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Correspondingly, for orthotropic shells of rotation, the principal 
axes of anisotropy of which coincide with the coordinate axes. 



(349) 


From the last two of equilibrium Eq. (17), 
which were eliminated In equilibrium Eq. (342), 


cutting forces Q^, /lOB 
can be determined 


rQi - 


rQ, 


fl (<•(;,) . OH 

as r«p 

"Cl , sum 

afi ' ds 


— (j,ro8a; 
+ // ros a. 


(350) 


System of Eq. (348), (350) or (349), (350) are supplementary In 
membrane theory, and they are used only for checking the possibilities 
of Its use, namely. If It turns out that the bending stresses actually 
are negligibly small compared with the membrane stresses, l.e., they 
are uniformly distributed In the thickness of the membrane, this is 
confirmation of the applicability of membrane theory. 

In some cases. It can be foreseen that membrane theory cannot sux‘- 
flclently well describe the axlsymmetrlc stressed and deformed states 
of a shell of rotation. This will occur In those cases when there Is 
a break In continuity of geometric dimensions 6, R^j^, R2» rigidity char- 
acteristics Cj^j , including rigid fastening or other kinematic connec- 
tions or, finally, there are areas of discontinuity of external surface 
load X, Y, Z. 

The condition of the presence of areas of slight disturbance of 
the geometric, elastic or strength parameters can be replaced by more 
general ones, namely, for Inapplicability of membrane theory. It Is 
sufficient that the abovementloned parameters have a large Index of 
variability . 
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In areas of a shell where there are such features, additional 
stresses can develop, which cause local bending of the mean surface of 
the shell. Exact solutions show that areas of bending stresses are ex- 
tremely small and, consequently, at some distance from such areas, shell 
calculations can be carried out according to membrane theory. 

Thus, membrane theory Is described by systems of Eq. (3^2), (3^^) 
for shells with random anisotropy and for orthotropic shells, the prin- 
cipal axes of anisotropy of which do not coincide with the coordinate 
axes, and by system of Eq. (3^2), (3^5) for orthotropic shells, the 
principal axes of anisotropy of which coincide with the coordinate 
axes . 


In accordance with Eq. (22), the boundary conditions of membrane 
theory have the form: 


1. 

unsupported edge T»S"0; 

(351) 

2. 

rigidly fastened edge u«v«0; 

(352) 

3. 

hinge supported edge T^«v»0 or u"S«0. 

(353) 


It follows from boundary conditions (351)-(353) that membrane 
theory Is applicable In the event the shell Is r;Ot loaded by cutting /109 
forces and moments on the edges, since end effects, l.e., local bend- 
ing of the shell, will develop on the edges. 

35. Membrane Theory of Symmetrically Loaded Shells of Rotation 

If a shell of rotation Is loaded symmetrically about the axis of 
rotation, the surface loading components should be functions of arc s 
alone, l.e., they should not depend on angle B: 

X«X (s); Y-Y (s); Z-Z (s). (35^4) 

Since all geometric parameters R^, R^, r of shells of rotation de- 
pend on arc s, the elastic forces and displace'nents also are functions 
of coordinate s alone and, consequently, the equations of equilibrium 
of a symmetrically loaded shell of rotation have the form 


r ^ + 25 cos a =» — rV; 



(355) 


If, following V.V. Novozhllov [21], stress functions are Introduced, 

4>(s)*T^r sin a; H'(s)“Sr^j (356) 

the following can be obtained from the first two of Eq. (355) 
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( 357 ) 


TT 


■= r (2^ co« a — AT sin a); 


4W 

'IT 


-r*y. 


Consequently, tho stress functions are determined by the expressions 

<P(s) ^ /r(Zcosa A’sioa)d> 4-0,; (358) 

0 

M'(s)«-/W*-j-Vo. (359) 

0 

By determining force T2 from the last equatlv->n of equilibrium, In 
accordance with Eq. (356), (358), (359), we obtain 




(360) 


According to membrane theory, the normal, tangential and shear- 
ing stresses are determined by the simple 'Expressions 


/no 


Ti 

6 


r. 


■J-, To = 




s 

6 • 

,V+-A- . 


(Y* r y-) + 


2 

- 


(361) 


^ 

where X , X , Y , Y are components of the external surface load ap- 
plied to the upper (z»6/2) and lower (z»-6/2) bounding surfaces of the 
shell, respectively. 

As was noted in the preceding section, the expressions for the 
elastic forces of an anisotropic laminated shell coincide with the cor- 
responding for an Isotropic shell. 

In accordance with Eq. (3^^), movements of a symmetrically load- 
ed shell of rotation are determined by the following system of linear 
differential equations 


"ST 

~cosa 4 * =3 — (fljjT’, 4 
-1 _ C03 a _ (aijT*, 4 ajjf , 4 

System of Eq. (362) is equivalent to the following: 


( 362 ) 
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(363) 


where 


l(®ii — ®i* c) + om^|2) — 4t '• 

^-Q u » (o„ - 2a»,o + OmO*) + 

+ (®« ~ ®t» q) I® + (®ii ~ q) “g*" 


(36il) 


(365) 


If, as In determination of stresses, the deformation functions 


£ 


U 

sino 


are introduced, from Eq. (36^1), it is easy to obtain 

S* "" e^nn; "■ 2'’** ® + “»* + 

+ («IS ~ a!»c)*y + (a» — «iie) 


whence 


ili 

ds 


rfi 


((a,3 — o,aC) f, 4- OgjiS + ) 


£ - "g" f l(«ii — 2rt|, Q + a,j Q®) Tj -f («i» — flu q)S -j- 

•a 

4 («i, — fljj q) UtZ] 4- Tol 

H 

^ ' "fl” J [(®>® “r^ 4* ^33 ~ 4' ^13 ~y~ 2 j 4- 'J’ol 


(366) 


(367) 


( 368 ) 


where \i>^ are the values of the deformation functions at the edge 
of the shell. 


/Ill 


In this manner, the components of movement of an anisotropic 
symmetrically loaded shell of rotation are determined by the following 
expressions 


u = ^-,sina; y = rt); 

- - & cos a 4 - -Jl [(a„ _ a„ q) T, 4- -f ^ ^ ^ ^ ^ 

As should be expected, in distinction from Isotropic shells, with 
any boundary conditions, each movement depends on all three components 
of external surface load X, Y, Z. The nature of the stressed state de- 
pends essentially on the boundary conditions, namely, only with static 
indeterminate boundary conditions will the forces depend on all three 
components of the external load. 

Eq. ( 369 ) also determine movements of orthotropic shells of rota- 
tion, the principal directions of anisotropy of which do not coincide 
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with the coordinate axes. 

In the case of orthotropic shells of rotation, the principal direc- 
tions of anisotropy of which coincide with the coordinate axes, the ex- 
pressions for the elastic forces remain as before, and the movement 
functions are determined by the formulas 







+ -Sr)*'i- 


II 


<f‘«i 


(370) 


|sino; 


w — — I cos a “|- 



(371) 


In this case, movements u, w are caused by the radial and merld- /112 
lonal components of the external load Z, X, and displacement v it 
caused by annular forces Y, l.e., the same as Iti Isotropic shells of 
rotation. 

In this manner, calculation of symmetrically loaded anisotropic 
and orthotropic shells of rotation Is reduced to determination of four 
random Integration constants Consequently, on each 

edge of the shell s*s^; s“s^, for an unambiguous solution, two boundary 

conditions each must be assigned. In this case, at least two of the 
boundary conditions should be kinematic. Otherwise, the existence of 
the stressed membrane state will be Impossible, l.e., bending of the 
mean surface of the shell without stretching (compressing) or shearing 
will occur, or displacement of the shell as a solid will be possible. 

We now consider some examples of calculation of symmetrically load- 
ed shells of rotation according to membrane theory. 

36. Calculation of Closed Containers Operating under Constant Internal 
Pressure 


Shells of rotation In the form of cylindrical and conical shells 
closed by end plates of different geometric shape and of spherical and 
toroidal containers are exceptionally widely used in Industry. Partic- 
ularly in chemical equipment, these shells operate under uniform In- 
ternal pressure. Such structures are calculated according to membrane 
theory, with the exception of small end effect areas, where more exact 
equations, which will be obtained later, must be used for the calcula- 
tion. In such zones, special design measures must be used to moderate 
stress concentrations and more uniformly distribute the stress. 
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» 

I 

t 

In shells of rototlon subjected to uniform Internal pressure, 

X«y*0, Z"p, where p»const Is the Intensity of the Internal pressure. 

In accordance with Eq. (358), the stress function 

pj lt,tiaad(/t,riaa) + 0 o » -f c. (372) 

0« 

Consequently, the elastic forces are determined by the expressions /113 


T’ P^t C 

I - 

Pfl % 

2 


r . ( <\ ^*\ ^ 


(373) 


It Is evident that, for shells of rotation closed at the top, 
C=0 must be set and, consequently, for such shells 


T — . T P^t ( 'I \ 

- 2 ' ' 2 V Jtl)' 


(374) 


The deformation functions for closed shells of rotation, accord- 
ing to Eq. ( 370) , 


^ " 2/, 6 I ""2v, 

a* 


2v, (1 - V,) 


v» 




da 

8in a 


+ So- 


and the components of movement 


(375) 




o« 

V, *. , 

X-^^--^oCosa + 


pK 


2fc: 6 


(2 — v,-e)- 


(376) 


Consequently, radial movement of the shell, i.e., movement per- 
pendicular to the axis of rotation, is determined by the expression 

* . pR\ . 

I, =. Ar ucosa + u;sina == -5^(2 — v,- q). (377) 
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Correspondingly, the angle of rotation of a meridtonil element 




(378) 


a. Spherical container or spherical bottom (Fig. 38 ). In the 
case of a spherical container 




and, consequently, the forces generated in the shell 


(379) 



Fig. 38 . Hemispher- 
ical bottom. 


The radial deformation and angular dls- /11^< 
placement of an element of the meridian are 
determined by the respective expressions 


*■ - fo* n - vi> . 


p a ctgq 
2i‘, 6 




( 380 ) 


b. Closed cylindrical container (Pig. 39). 

In this case, P»0; "R 2 "r«a an3, consequently , 

according to Eq. (37^) 


( 381 ) 



Correspondingly, the radial de- 
formation and angular displacement 


Co 


pa* (2-v,) . 

2A’, 6 • 


Xo == 0. 


( 382 ) 


Fig. 39 . Closed cylindrical 
container. 



c. Ellipsoidal bottom (Pig. ^0). 
In this case 


C E= 


a* 

IT 


-1. 


The radii of curvature of an el- 
lipsoidal bottom are determined by the 
known expressions 


Fig. no. Ellipsoidal 
bottom. 




• V l + e 


I (1 + e sin’ u)* 


• V i+e 
V 1 + 6 sin* a 

(383) 
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Consequently, the elastic forces and deformations 


1 P* 1/ t-M . 

ii“ 2 f ' 


r, - ( I - e «iii* a) ]/ ; 

u 

Q HM 1-^ 1 

IM 1 / Tfe col a 

y« “ alTJ y i+f»iD'o 

•o 

X [o*-f 2 (l + v,)c + 4--JS--2(?esiii*oJ . 

d. Conical bottom (Plt5. ^1). In this case 

Rl"-®; R2"X tg Y» P*0. 


(38K) 





Fi/il. ^1. Con- 
ical bottom. 


If distance x Is reckoned along the generatrix 
of ;he cone from the top, It is easy to obtain 


J\- pxier, ] 


(385) 


e. Toroidal containe r (Pig. ^2). In this case 

/f + r»ina 




«n a 


; /?, == r. 



0?/f 



Pig. 42. Closed toroidal 
container. 


A toroidal reservoir Is not closed at 
the top. Conrequently , the forces are de- 
termined by Eq. (373) » and the value of 
constant C must be determined. 

Prom the conditions of equilibrium 
of an element of a torus cut along a plane 
passing through the curvilinear axis of 
the torus, and of n cylindrical surface 
passing through the curvilinear axis, we 
find 


{Txi 


a-f 


pr . 

2 /l + f • 


and, consequently, the desired constant is C«-pR /2. Thus, 


( 386 ) 


/116 
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(387) 


r. 


£1 . 
y + • 



The respective radial and angular displacements 


p»* 




( 388 ) 


Further, we consider some problems in determination of efficient 
bottom parameters, which ensure strength with the least possible weight. 

37. Some Problems Connected with Deterr. ination of Parameters of Leas t 
Weight bottom ” 

Let a cylindrical container of radius a be subjected to Internal 
pressure of Intensity p. Spherical and conical bottoms of the least 
possible weight m'.ist be selected. 


Since the i;oblem is solved from the point of view of membrane 
theory of shells, some simplifying assumptions must be made. Namely, 
we will assume that, in uneven Joining of the bottom with the cylindri- 
cal part of the container, the resulting thrust is taken up by a rein- 
forcing ring which is mounted in the butt section. We designate the 
permissible yield strength of the material by o and the specific weight 
of the material by y. 


a. Spherical bottom (Fig. ^3). In this case 




Fig. 43 . Spherical 
bottom. 


Since the stresses are uniform in a spherical 
shell, the bottom should be made of constant thick- 
ness and provide isotropic structure of the lami- 
nated plastic. 

The weight of the bottom is determined by 
the formula 

0 _ «2ny(l — co»o) 

sh 

The required bottom thickness 


Consequently, with bottom aperture angle a, ^ 
the weight of the bottom shell 


G 


sh 


npy n* i— ccwQ 
o *ln’a 


( 389) 
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The required weight of the reinforcing ring In the butt Bectlon 






.1 P Vww 
0nm 


«■ c««a 

— •Hi?* • 


(390) 


The total weight of the spherical bottom shell with the reinforc- 
ing ring 


where 


G 


« r»* V ^ 1 4 — 0 cwq 

c »ln*a 


k 


(f) 


(391) 


(392) 



Fig. Spherical bottom 

weight vs. aperture angle and 
relative specific strength of 
plastic . 


Fig. presents the results of 
calculation of the weight of the bot- 
tom as a function of the relative 
specific strength of the shell and 
ring material k and of aperture angle 
o of the spherical bottom. 

Eq. (391) and the calculation 
results show that It is advisable to 
reinforce the butt section of the bot- 
tom with a ring of a material, the 
specific strength of which Is consider- 
ably greater than the specific strength 
of the laminated plastic. The maximum 
possible weight advantage over a hemi- 
spherical bottom reaches 28%. In re- 
inforcing with the same material, be- 
cause of the unidirectional nature of 
the laminated plastic, the relative 
specific strength k*0.5. 

b . Constant thickness conical bot- /118 
tom (Fig. ^5)* the shell weight of* a 
conical bottom of constant thickness 


a 


sh 


n p V fl* 


sin 2a 


(393) 


Key: a. Relative weight 


the required weight of the reinforcing 
ring 




n />Vl» a* 
Or 


Iga. 


(39^) 


Consequently, the total weight of the conical bottom shall and 
reinforcing ring 


100 





(395) 


G - 


V 

a 



f *tfa] 



Pig. ^45. Con. 
leal bottom 


with reinforc- 
ing ring. 


The results of calculation of the bottom weight 
by Eq. (395) are presented in Pig. as a function 
of k and the half aperture angle of the cone. 

The minimum weight advantage of the use of a 
conical bottom over a hemispherical bottom Is 50%, if 
it Is considered that the specific strength of a coni- 
cal bottom made of uniform oriented laminated plastic 
Is greater than the specific strength of a hemispherical 
bottom. Actually, If the yield strength of a unidirec- 
tional plastic is o, the yield strength of a full 
strength plastic Is a/2, and the yield strength of the 
plastic of a conical bottom Is 2/3o. 

c. Variable thickness conical bottom . In the use /119 
of laminated plastics for manufacture of bottoms, 
available technological methods of continuous winding 
permit a variable thickness bottom to be obtained 
without difficulty. 



Pig. Constant thickness 

conical bottom weight vs. half 
aperture angle and relative 
specific strength of plastic. 


Key: a. Relative weight 


Since the stressed state of a 
conical bottom Is variable along the 
generatrix, It Is more advisable to 
make a variable thickness conical bot- 
tom. Evidently, the relationship of 
change in thickness of the bottom Is 
the following 


ft (x) = 


a 


(396) 


Consequently, the weight of the 
bottom shell 

G . n/»ya* 4 (397) 

8“ 0 3s|n2« ' 


Since the weight of the reinforc- 
ing ring remains the same, the total 
weight of a variable thickness conical 
bottom 


G 





(398) 


The results of calculation of the bottom weight by Eq. (398) Is 
presented in Fig. 47 as a function of cone half aperture angle a and k. 
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Fig. 47 . Variable thickness 
conical bottom weight vs. 
half aperture angle and rel- 
ative specific strength of 
plastic . 


The minimum weight advantage of the 
use of a variable thickness conical bot- 
tom over a hemispherical bottom with k»0 
Is 33 % • If it Is considered that the 
specific strength of the conical bottom 
Is greater than the specific strength of 
a hemlsphsrlcal bottom, with k"0, the 
minimum possible weight of a variable /120 
thickness conical bottom equals the weigh? 
of the hemispherical bottom. This could 
have been expected beforehand, since both 
bottoms are full strength. 

d. Box bottom (Fig. 48). We now 
consider a box bottom, obtained by even 
Joining of the spherical part with the 
cylindrical part through a toroidal shell. 

The weight of the spherical pert of 
the bottom 


Key: a. Relative weight 


G _ (1 — B + 6 81110)^(1— fogg) 

Sph o sin* u 


(399) 



Fig. 48. Box bottom. 


The weight of the toroidal part of the bottom 

®tor = - je (2 - - oV - e) 4- e cos ajj . (400) 
Thus, the total weight of the box bottom 

npa*y ((I— e + esina)*(l — COSO) , 

G ^ —— ^ + 

+ B{2-e) [(Y-a)(l-e) + ecosa]j. (1|01) 


It is easy to note that the weight of the bottom decreases with 
decrease in e and, consequently, the smallest Joint radius based on 
design or other considerations must be used. 

The maximum weight advantage will be at a»60° and e->0, i.e., 
the toroidal part of the bottom, by ensuring even Joining, replaces 
the ring, as it were. The weight advantage is 23 % over a hemispher- 
ical bottom. 

The results of calculation of the box bottom weight as a function 
of e and a are presented in Fig. 49. 
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Pig. 49. Box bottom weight vs. 
geometric parameters. 


Key: a. Relative weight 
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ORIGINAL PAGE M 
OF POOR QUALITY 


CHAPTER 8. OPTIMUM METHODS OF CONTINUOUS WINDING OF CYLINDRICAL FIBER- 
GLASS REINFORCED PLASTIC SHELLS 


38. Basic Concepts and Initial Hypotheses 

One of the most convenient and widespread methods cf production /12I 
of laminated shells is continuous winding. There are various methods 
of continuous winding, which differ in the method of placement on the 
mandrel and type of filler, as well as the nature of impregnation of 
the filler. Rotation of the mandrel combined with forward motion of 
the carriage with the bobbin along the mandrel permits the most di- 
verse filler orientation to be achieved. After winding, the shell 
together with the mandrel go through heat treatment, as a result of 
which hardening of the binder occurs. After heat treatment, the shell 
is removed from the mandrel. To make removal of the shell from the 
mandrel easier the latter la covered with a film before winding, which 
prevents adhesion of the filler. 


For mass production of cylindrical shells and types, high capacity 
coll winders usually are used. One of them is shown in Fig. 50. 


Fabric and nonfabric glass 
filler, in the form of threads, 
tapes, bands and fabrics are used 
for continuous winding of fiber- 
glass reinforced plastic shells. 
Polyester, phenol, epoxy, organO- 
sillcon resins and various modi- 
fications of them are used as the 
binders . 

Fiberglass relnfoi'ced plastic 
cylindrical shells obtained by 
continuous winding are anisotropic 
laminated materials. In distinc- 
tion from natural anisotropic 
materials, the nature of the aniso- 
tropy of the fiberglass reinforced 
plastics and other reinforcing 
plastics can be regulated by change 

in orientation and mutual location of the filler during production. It 
is expedient to call such anisotropy of the material controllable tech- 
nological anisotropy, in distinction from structural anisotropy, which 
Is produced by strengthening the shells with stiffening ribs. 



Fig. 50. Unit for continuous wind- 
ing of cylindrical shells. 


The most efficient reinforced plastic structures are those in which ^ 
anisotropy of the elastic properties most profitably corresponds to the 
stressed state of the shell or ensures its maximum rigidity with re- 
spect to a given load. Determination of the optimum structure of lami- 
nated plastics in various structures presents interesting new problems 
of the theory of elasticity and the theory of shells. 


This chapter discusses the problem of the selection of optimum 
structure of a fiberglass reinforced plastic in a cylindrical shell 


10^1 


wh.lch Is exposed to axisymmetric loads, which produce a uniform state 
of stress in it, determined by the components of the normal forces T, , 

m 


It is assumed that the binder has ideal elastic, strength and ad- 
hesive properties, which ensure compatibility of the deformation of 
individual glass filler elements all the way to failure. The glass 
filler is considered in the form of circular cross section fibers, 
which does not restrict the generality of the results obtained. 

It is easy to nhow that, in elastic deformations, forces T2 

will be taken up by the filler end binder in proportion to their moduli 
of elasticity Ej^, and their volumetric content in the material. 

If the relative volumetric content of binder is designated the 
relative fraction of the forces which are taken up by the binder is 
determined by tlie expression 


9 


A’hO-C) * 


(402) 


The moduli of elasticity of available resins change between /12 

2 2 2 

3*10 and 7*10 n/m , and the modulus of elasticity of glass E„« 

*30 ** 

7*10-^ n/m^ . The optimum content of binder in fiberglass reinforced 
plastic is approximately 30? and, consequently, by Eq. (402), q«2-4?. 

Thus, the normal and shearing forces in fiberglass reinforced 
plastic shells are primarily taken up by the glass filler. This de- 
termines the carrying capacity of the structure. Based on this, we 
will assume that the effective load on the shell is taken up by the 
glass filler. 

We will call continuous winding the optimum if It ensures equi- 
librium of the glass filler without the binder. It should be noted 
that, in nonlinear deformations in the binder and in plastic deforma- 
tions of the material at the time of failure, the fraction of the load 
which Is taken up by the binder decreases sharply. Therefore, selec- 
tion of the optimum winding general speaking is of decisive importance 
for increasing the carrying capacity of a shell. We will call a shell 
composed of fibers alone the basic system. 

Since actual resins which are used as binders in the manufacture 
of shells have various properties, they provide compatibility of de- 
formation of the glass filler in different ways, and this explains the 
results of studies in which a significant effect of the binder on the 
elastic and strength properties of fiberglass reinforced plastics was 
found. Actually, with slight adhesion of the binder to the glass fill- 
er, the distribution of forces through the shell will be Irregular. 

This leads to both premature destruction of the filler in the most 
stressed fibers and to overstress and failure of the binder, l.e., an 
increase in irregularity of distribution of the forces and subsequent 
reduction of carrying capacity of the shell. 
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If the axial force in a cylindrical shell Is and the annular 

force Is (1+a) the normal forces which act on a surface which Is 

located at angle e to the generatrix of the shell Is determined by the 
expression 

^0 “ (1 ^ aco9*0), (^03) 


Let glass fibers be wound on a cylindrical mandrel at angle ((i to 
the generatrix (Fig. 51). 



Pig. 51. Wind- 
ing diagram and 
conventional 
symbols . 


It Is easy to determine that the same number of 
fibers passes through segments AB, AD and BC (Fig. 51). 

If the length of a segment of the generatrix AB-a, 
the length of a segment perpendicular to the fiber 
direction equals a sin 4>. Consequently, na sin fi- 
bers pass through the segments Indicated above, where 
n is the glass fiber packing density, l.e., the num- 
ber of fibers passing through a unit segment perpen- 
dicular to the fibers. 

The angle between the normal to area BC dropped /12^ 
from point A (AE]_BE), and the length of segment BC 


a i _ (0 4- 


n sill y 
8 in(0 + «r) • 


(i404) 


Consequently, the normal force which arises in area BC In stretch- 
ing of the fibers by force f is determined from the expression 


r 




/fw sin tp cos d 

X 


/n sin* + (p). 


(405) 


According to Eq. (405) » the distribution of normal forces in a 
cylindrical shell depends essentially on the orientation of the glass 
filler during winding, l.e.j on angle <}). 

According to Eq. (405), winding of the fibers at one constant 
angle 4> does not ensure equilibrium of the basic system. We will sub- 
sequently assume Eq. (405) to be written for the limiting state of the 
shell, l.e., we will assume fiber tension f to be equal to the break- 
ing force of the fiber. For convenience in use, it Is advisable to 
subsequently present Eq. (405) In the form 




11 + 009 2«p — 2 cos 2900s* 0 -f- sin 29 sin 2®). 


(406) 


39 . Continuous Winding of Cylindrical Shells with Unidirectional Glass 
Fillers at Optimum Angles to Shell Generatrix 

Since winding a cylindrical shell at one constant angle does not 


106 



snsure equilibrium of the basic system, we consider the case when the 
shell is wound with two glass fiber systems at angles and t*’® 

shell generatrix (Pig. 52). 

We initially study the simplest case, when each layer of one sys- 
tem of fibers corresponds to one layer of the other system. Accord- 
ing to Eq. (^06), the force on the area 9 is presented in the form 


«— Y (2 cos 29, 4 - oo» 2 9i — 2 (cos 29, + c«m 29,) cot* 9 + (^ 07 ) 

4 - (*in 29, + tin 29,) sin 29 ). 



The equilibrium conditions of the glass 
fibers have the form 


cos 29, 4 cos 29, - - jIy ; 

sin 29, 4 sin 29, 0. 


(408) 


Fig. 52 . Bias cross 

winding. From Eq. (408), It is easy to find /125 



4. m a (m <=» 0, 1, 2 ,. , 


cos 29 


a 

2 4" a * 


(409) 

(410) 


where a>-l, i.e., the winding should be crossed 
at angles ±<|). For different stresses of the 
shell, the optimum cross winding angles are 
determined by Eq. (410). 


Fig. 53 . Optimum wind* The results of calculation by Eq. (410) 

Ing angles vs. stress are presented in Table 1, and they are lllus- 
of cylindrical shell. trated in Fig. 53. 


The basic relationship which connects the carrying capacity of 
the shell with the strength of the glass fibers has the form 





(411) 


We now consider a more general case of continuous winding, when 
N layers wound at angle generatrix are applied to each layer 

wound at angle (j»^ to the generatrix. 

The equilibrium conditions of the fibers have the form 
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C 08 2<Pi t S' cos 2f| 


(K + i)a . 

2-f a ’ 


sill 2<Pi + N sir. 2fj 0. 




TABLE 1. OPTIMUM WINDING ANGLES OP 
CYLINDRICAL SHELL UNDER AXISYMMETRIC 
LOAD VS. Tj/T^ 


BK iiarppiu>Hiiit 
a OflCMOSSM 



Ommm pacTiiim- 
. atio 

0 

0* 

b 

1 


DRyTpeuHM) A«- 

2 

54* 44' 

R^iontii'r occnni 

3 

«0* 

C chaoA 

4 

♦13“ 25' 


5 

55" 


9 

7«»35' 


oo 

no* 


Key: a. Type loading of shell 

b. Axial tension 

c. Internal pressure with axial force 

Consequently, the optimum winding angles are determined by the 
following expr’esslons 


cos 2 q'l 
cos 2q'j 


>’1'!.+ i)A' - (« ^ f I’g-f ;>) . 


(2 + n)a ' 

(a«4 2a + 2).V- 2(g-4 -1 ) 
(2 + n)aA' 


(^413) 


The carrying capacity of the shell 


7' 


I 


(■V -0 

(2 + u) 


/«. 




Determination of the optimum winding angles by Eq. (^13) Is not 
difficult In any axlsymmetrlc stress of the shell. Further, we study 
the cases of loading- with uniform Internal pressure most frequently 
encountered in practice. 

If a shell operates under uniform Internal pressure, the optimum 
winding angles are determined by the formulas 


cos 2<|'i 


4.V 


cos 2q', “ 


4-5.V 

3iV 


(^15) 


It follows from Eq. (415) that 


/126 
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(^ 6 ) 


The* carrying capacity of the shell 


/12 


|)/n. 


(^17) 


TABLE 2. OPTIMUM WINDING ANGLES OP 
CYLINDRICAL SHELLS OPERATING UNDER INTERNAL 
PRESSURE VS. LAYER RATIO N 


N 


fi 

1 

54*44' 

125* 16' 

u 

.50* 46' 

121“ 29' 

t.2 

46* 54' 

118“ 08' 

1.3 

43*06' 

115“ 04' 

1.4 

40*14' 

112*12' 

1.5 

35* 16' 

109“ a' 

1.6 

31*06' 

106“ 46' 

1.7 

26* 34' 

104*02' 

1.8 

21* M' 

101“ 06' 

1.9 

14*58' 

97*30' 

2 

0* 

90* 


The results of calculation of the optimum winding angles by Eq. 
(4.15) are presented in ’’able 2. 


N«1 corresponds to bias cross winding; N«2 corresponds to longi- 
tudinal-transverse winding, when two layers are wound In the annular 
direction (^ 2 * 90 °) on one longitudinally laid layer. 



Pig. 54. Optimum 
winding angles of 
cylindrical shells 
operating under In- 
ternal pressure. 


The calculation results presented In Table 
2 are Illustrated in Pig. 54. 

We now compare the yield strengths of 
shell materials obtained by continuous winding 
with the same glass fibers and different aniso- 
tropy of the strength properties. According to 
basic relationship (4l4), which connects the 
carrying capacity of the shell with the strength 
of the fibers, the following results can be 
obtained (Table 3). 

4Q. Optimum Continuous Winding of Cylindrical 
Shells with l^iberglass Pabrics 

Piberglass fabric Is an aggregate of two 
mutually orthogonal glass fiber systems connect- 
ed together with varied amounts of interweaving 
in textile processing. By type and amount of 
interweaving of the warp and woof fibers, card, 
satin and serge cloth are distinguished (Pig. 

55) . 
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TABLE 3. FIBERGLASS REINFORCED PLASTIC STRENGTH 
VS, NATURE OP ANISOTROPY 


a IWii ereHNon.iacTui(.i 

^ XapaHwp 

- npaaMM i^oaKMm a raaami j 

C MBpaaaainMi aaBaotpaam 

AHHSOTponilM 


«». 

d Ofliioiiaiipaaneiiiuri 

1:0 

h 

0 

e PaagouiHtHBMii 

1 ; 1 

7'" 

!■/" 

— 

2; 1 



m >« 

m : n 

” fn 

-JL—ln 

m+n’ 

m-\-n 


Key: a. Fiberglass plas- 

tic type 

b. Nature of aniso- 
tropy 


c. Yield strength In principal 
directions of anisotropy 

d. Unidirectional 

e. Full strength 




Fig. 55. Fiberglass fabric structure: a. 

card; b. satin; c. serge. 


Satin fabrics have the greatest flexibility, they ensure the high- 
est quality packing In continuous winding, and they have the best ca- 
pacity for Impregnation with binders. Fiberglass reinforced plastics 
produced from fabrics usually are called fiberglass laminates. 


For convenience, we Introduce the following designations: 

f^, fp are the breaking forces of the warp and woof fibers; 
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n^, r \2 are the packing density of the warp and woof fibers; 

relative strength of the fabric (k^l). 

As In winding with unidirectional glass fillers, winding of a 
cylindrical shell with fabrics at a constant angle does not ensure equi- 
librium of the basic system, except for straight winding of the 
warp In the annular or longitudinal directions. In this case, of course, 
the anisotropy of the fabric should be k-Tg/T^^ or k-T^^/Tg. 

We consider the general casef.of cross winding of a cylindrical 
shell with two fabric systems, which are laid so that the direction of 
the warp fabric Is at angles with the shell generatrix. 

Both systems are composed of the same fabric of relative strength 
k In which, on each layer of the first system, there are N of the second 
system. 

In accordance with Eq. (^06), the normal force on area 6 /129 

T’o « l(iV + i)(k + D- {k - t) (cos2«p, + at cos 29.) + 

+ 2 (/: — 1 ) (cos 2<jp| -j- N cxs 2q>,) cos* d — 

— {k — l)(siii2«rj + ^ sin2<p,l sin 20]. ( ^18) 


Consequently, the equilibrium conditions of the basic uystem are 
written In the form 


cos 2<p, + N cos “J(fj 


(A' + 1)(A -H)g , 
(*-l)(2f-a) • 


sin 2<fi sin 2'h — 0. 


(ill9) 


The relationship which connects the carrying capacity of the 
reinforced shell with the strength of the fibers has the form 

= (ii20) 


The following expressions for determination of the optimum winding 
angles can be obtained from Eq. (^19): 


cos 2<pi 

(2a-g)«(<r-f)«Ari-(Ar.f (24-a)* . 

2{Af + l)(Ar*-l)a(2i-a) ’ 

cos 2ff2 ~ 

(A- - 1)» (2 !- a)» .V* + (A + i )» «• (A' + I )» - (A - 1 )* (2 +a)* 
2iV(A'-f l)(A*-|)a(2 + o) 


(i|21) 


Since It Is quite complex to study Eq. (421) In the general case 
of loading a cylindrical shell, we consider the case of loading a shell 
with uniform Internal pressure (a“l) In greater detail, for cross wind- 
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Ing N«l. 


In this partial case, 


Cos2qp 


(*-f u . 
3^-1) ’ 


(^ 422 ) 


It follows from this formula that, for manufacture of fiberglass fabric 
cylindrical shells operating under uniform Internal pressure, fiberglass 
fabrics must be used which satisfy the condition 

0<k<|, (H23) 

l.e., the fabric strength along the woof should not be greater than 

half the fabric strength along the warp. Otherwise, the excess strength /1 30 

of the fabric along the woof cannot be used, even In bias winding. 

The results of the calculation by Eq. (>422) are presented in 
Table ^ and are depicted In Fig. 56. 


TABLE il. OPTIMUM CROSS WINDING 
ANGLES OP FIBERGLASS FABRICS 


k 

V 1 

k 

• 

0 

54*44' 1 

0.25 

(51*48' 

0.05 

55*48' 1 

0.S0 

(54* 07' 

0.10 

57*07' 8 

0.35 

66*50' 

0.15 

53* 24' 1 

040 

70“ 32' 

0.2Q 

60* 1 

0.5 

90* 



According to Eq, (420), the carrying, capacity 
cf a shell under Internal pressure equals 

pft == j i). (424) 


It can be concluded from this that fiberglass lami- 
nate shells are considerable Inferior In strength 
to shells made by winding unidirectional glass fill- 
ers, the carrying capacity of which equals 

(i^25) 


Fig. 56 . Optimum 
winding angle of 
cylindrical shell 
vs. relative warp 
and woof strength 
of fabric. 


Actually, the relationship f,j^n^>fn always 

occurs, since the fiber strength in textile process- 
ing only decreases, l.e., f^<f. Besides, the fiber 

packing density In fabrics Is less than the fiber 
packing density In winding: n^^<n. Consequently, 
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even in the moot favorable case, when the carrying capacity of 

a fiberglass laminate shell Is 25% less than the carrying capacity of 
a shell produced by winding unidirectional glass fillers. 

It also follows from Eq. (42^1) that with a given warp strength of 
fiberglass fabric, the maximum carrying capacity of the shell Is reach- 
ed at k»0.5i l.e., In straight winding of fabrics, the warp strength of 
which Is twice the woof strength. 

It seems advisable to consider a still simpler method of manufac- 
ture of shells, when annular winding Is accompanied by laying the fabric 
warp along the shell generatrix. 

Let N layers be wound In the annular direction on each layer of 
fabric laid along the generatrix or vice versa. In this case, the norma 
force on area 0 la represented by the expressions 


r, - /,n, (.V,* + I) [l - ("ise) 

“ /|”| + *)[< + ” • (H27) 


The relative fabric strength ’s not limited by bias winding condi- 
tions, and It changes in the O^k^l interval. 

Thus, the number of annular layers on one layer of fabric laid along 
the generatrix is determined by the formula 




i+a—k 
i — k—aft 


or 


xr i— ft-.fca 

- A + a-T"’ 


(428) 


Since N>0, the fiberglass fabric should satisfy the conditions 


I ^1 + a; . 


(429) 


We consider several possible cases. 

1. Axial tension of shell a"-l; the optimum fabrics which 
ensure the greatest strength of the shell should be unidirectional 
(k*0). According to Eq. (428) Nj^“0. 

2. Uniform tension of shell a-0; for the manufacture of a 
cylindrical shell, the annular stress of which equals the axial stress. 
It Is advisable to use full strength fabrics (k»l). According to Eq. 
(428), N^-1. 


3. Shell under Internal pressure a»l; In this case, the 


optiriium fabrics should lave relative woof strength k*l/2 and be wound 
only annularly. According to Eq. (*»28), Ng^O. 

^<1. Optimum Methods of Combined Winding of Cylin d rical Shells 

Ther*; Is still another method of continuous winding of shells v^th 
fiberglass fabrics alternately with son« unidirectional glasj flllerr. . 

This combined winding method permits the Imprc- ement of fabrics which 
do not satisfy the conditions of optimality. Koreover, In laying the 
.fabric warp In the direction of the generatrix, the strength of the /132 
shell Is Increased correspondingly compared with fiberglass laminate 
shells. 


We Initially consider the combined continuous winding method as 
applied to the manufacture of shells which operate under uniform Internal 
pressure. Let the warp of the fabric form angle with the generatrix 

of the shell and the unidirectional filler be wound at angle to the 
generatrix. ^ 


If N layers of unidirectional glass filler are wound on each layer 
of fabric, the optimum winding angles are determined by the following 
expressions 


cos 2<fi 
cos 2fft 


3(1- • 

— 4Ar* + A + A'j + 10ft — 4 

3ft,(V, + ft4.1) 


(i<30) 


where 





N, 


f Is the tensile strength of the fiber; n Is the packing density of the 
unidirectional filler. 

We also consider the case of winding of the greatest practical 
importance, when the fabric Is laid with the warp In the axial direc- 
tion (<|i^®0), and the unidirectional glass filler Is cross wound at 

angles 

In this case, the normal force on area 6 Is represented by the 
formula 

r^==/i«i[l + (fc|Cos2q>+ l-A-)cos»o] . (U31) 


The carrying capacity of the shell Is determined by the expression 

= I (/»”i + /*"* + /«^’). ( *4 3 2 ) 

and the optimum cross winding angle of the unidirectional glass filler 
Is found by the formula 
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co«2f <» 


2A4-*i-4 
3lt • 


im) 


•vhere parameters k should satisfy the condition 

C-k^+k>2. (i<3^0 


In the Individual case when kj^+k«2, c"90®, l.e., the unidirec- 
tional glass filler should be wound In the annular direction. 

TABLE 5. OPTIMUM COMBINED WINDING ANGLES 






C • 

. 4* 4 





2 

3 

4 

ft 

« 

7 

1 

» 

0.1 

00* 

70® 11' 

05® .15' 

63*08' 

61*37' 

60* .34' 

59® 48' 
.59“ 34' 

59* 12' 

0.2 

90® 

69® 49' 

65® 14' 

62*51' 

61*21' 

W)® 20' 

59* 

0-1 

1«0® 

69® 26' 

04® 52' 

02* 32' 

61*04' 

60® 05' 

59* 22' 

r»8* 48' 

0.4 

90» 

69® 02' 

64*31' 

62* 12' 

60* 48' 

59* 50' 

59*08' 

58* 36' 

0.5 

90* 

C8®:i5' 

64*08' 

61*52' 

00*30' 

.59* 35' 

68® 54' 

58* 24' 

0.6 

90® 

68° 07' 

63* 43' 

61® 32' 

00* 12' 

59* 19' 

.58* 40' 

58*12' 

0,7 

90® 

67® 37' 

63* 18' 

61*10' 

59* 54' 

.59*03' 

58* 26' 

57*99' 

0,8 

90* 

67® 06' 

62* 51 ' 

<!0* 48' 

59*34' 

58* 46' 

58*12' 

57* 46' 

0.9 

90® 

66® 32' 

62” 22' 

60* 25' 

.59* 15' 

58*30' 

57® 56' 

.57* 32' 

1 

90® 

65*50' 

61*50' 

00* 

58® 51' 

58* 12' 

57* 42' 

57® 18' 



Fig. 57. Optimum 
combined winding 
angles . 


The results of calculation by Eq. (*<33) are 
presented In Table 5 and Pig. 57. 

We now study the general case when it is /133 
necessary to determine the optimum combined winding 
of a cylindrical shell operating under axlsymmetrlc 
load Tg/Tj^^l+a. We consider the simplest longitudi- 
nal-transverse winding, when the fabric warp Is 
laid long the axis of the shell or Is wound with 
the warp in the anm‘'ar direction, depending on the 
nature of the stress of the shell. 

Similarly to the preceding, for determination 
of the optimum winding angles of the unidirectional 
glass filler, the following calculation formulas 
can be obtained 


cos 29 = 


2k~ktn—2{\ +a) 

(2 + a) ' 


('♦35) 


2 0-q) -2* ('♦36) 

COSJ9- 


When the warp of the fabric is laid axially, according to Eq. 
(♦♦35), the filler paramters should satisfy the conditions 


115 




(^137) 


h 

frj + fc > 1 + 1 + > T+o 

If the warp of the fabric la wound annularly, the filler parameters 
should satisfy the conditions 


“f“ k 


1 —a 
i + o 




1—0 


1 + 0 


<lfs' 


(it 38) 


it2. Optimum Winding Angles of Bottoms of Varied Geometric Shape 

We will consider a bottom manufactured by continuous winding. In /13il 
the form of a shell of rotation and smoothly Joined to a cylindrical 
body of radius a (Pig. 58). 



If the (r, x) coordinate origin Is 
placed In the pole of the bottom, the 
principal radii of curvature of the bottom 
are determined by the known expressions 




Vd + r'*)^ . 

p . 


R, = rVi + r'*. 


(i*39) 


Pig. 58 . Coordinate sys- 
tem for shell of rota- 
tion. 


The meridional and annular forces 
which are generated In the bottom as a 
result of uniform Internal pressure are 
equal to 


Ti = -^Vi + r'*; 


(i»llO) 


since a shell of rotation with positive Gaussian curvature 
1 /R^R 2>0 is a nonde velppable surface, the bottom can be made only by 

continuous winding of glass fibers. 

Let nc fibers pass through small segment c perpendicular to the 
fiber direction. We consider an element of the bottom cut by two axial 
planes and two conical surfaces, so that the condition ds^^ sin 4>“c, 

dS 2 cos where is the winding angle, i.e., the angle between the 

fiber direction and the meridian of the surface. Is satisfied (Pig. 

59). 


The same number of fibers, equal to the product of the packing 
density and the length of segment c (perpendicular to the fiber dlrec- /135 
tlon), I.e., equal to nc, passes through segments dS 2 »c and ds^. In 

distinction from a cylindrical shell, the fiber packing density on a 
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double curvature shell Is not constant* but it changes direction toward 
the pole of the shell, l.e., the fiber packing density In winding shells 
of rotation Is a function of the cross section radius or axial coordi- 
nate X. 

The normal forces which are generated In area dSj^, dSg, with the 
fibers under tension of force f, 

T^-fn cos^ (j>; ? 2 "fn sln^ (^^1) 

According to Eq. (44o), (4^<1), a system of differential equations 
which determines the optimum continuous winding of shells of rotation 
has the form 


pr V 1 -f- r'* r - 2/n 
prl M- r'*^2 -I- 


(4i42) 


By dividing the second equation of (^^12) by the first, we obtain 
an expression for the square of the tangent of the optimum winding 
angle of the bottom as a function of the shape of the bottom 

tan^v- 2+ (4H3) 


This basic relationship permits the pattern of change of winding angles 
(|) In the manufacture of shells of rotation of arbitrary shape to be 
found: 

Shape of shell of rotation Optimum Winding angle 

Hemispherical 

Ellipsoidal 

Ellipsoidal b»a//7 
Conical 

Ogival 


Box 


However, In continuous winding of shells with a nonzero Gaussian 
curvature. It must be kept in mind that, besides satisfying the condition 
of equilibrium of the basic system, l.e., equilibrium of the glass filler 
without the binder, still another no less Important condition must be met 
which specifies no slipping of the glass filler from the shell surface, 
and It is geometrically reduced to winding along bhe geodetic lines of 7136 
the surface. According to the Klero theorem for a surface of rotation. 


45 


a* 


arclg 2 

•n 


nrc»g 


c') 


arclg 


54 ” 44 ‘ 


arctg 
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this condition can be written in the form 

r sin 

where h is the geodetic line parameter. 

With an opening at the pole and continuous winding of the opening, 
the geodetic line parameter equals the cross section radius of the 
opening. 

According to Eq. the differential equation which 

determines the shape of the bottom and the optimum winding can be writ- 
ten in the form 


1 ^ r 


T 


^ 0 . 




By replacement of the variables 

r'-U(r.), 

differential Eq. (^45) can be reduced to the form 

_ (3-2:»)rf: 

1-hU* 


(446) 


(447) 


from which, after integration, the desired shape of the bottom is de- 
termined in the form of a simple quadrature as a function of parameter 
h 


where 


f— I , 

J I *•>(;*- 1)-;* * ®‘ 

(t 

(r)' 

(t)’- 


(448) 


(449) 


According to Eq. (448), the optimum shape only exists in regions . 
where the subintegral expression is positive. 

Optimum shape of bottom with longitudinal-transverse winding . 

There is Interest in determination of the optimum shape of a bottom with 
longitudinal-transverse winding of the cylindrical shell. 

In longitudinal-transverse winding, the glass fibers will go in the 
direction of the meridian of the shell. Consequently, to ensure equi- 
librium of the basic system in the annular direction, a bottom shape 
must be selected xn which the annular stresses equal zero. 

According to Eq. (44o), the desired bottom shape is determined by 
the following differential equation 


rr”+2r*^+2-0. 


(450) 
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The solution of Eq. (^50) is represented by the elliptical Integral /13 


X -- 


I 


t*df 

I inz7« 


(i<51) 


which can be expressed through elliptical functions. 

In the dimensionless coordinates n"x/a, C*r/a, the shape of the 
bottom is determined by the equation 

n-«(0, (i»52) 

where function 4'(C) and Its first derivative are presented In Table 6. 

TABLE 6. OPTIMUM SHAPE OP BOTTOM WITH 
LONGITUDINAL-TRANSVERSE WINDING 


c 

1 •t>(C)-iOi 

«>'(C) 


4>(C). lOi 

C' (p 

0 

0 

0 

0.52 

4.7629 

0.2809 

0,02 

0.3 • 10-> 



521484 

021049 

0.04 

0,213 ■ 10-» 



5.9834 

021303 

0.00 

0.720 ■ 10-» 


0..'iS 

(5.6702 

0..3572 

0.08 

0.0177 

1 0,(K>64 


7.4131 

0.;i8.50 

0,10 

0.0333 


1 0452 

8.2152 

0,4164 

0,12 

0.0576 

0.0144 

0.64 



0.14 

0.0615 

0.0196 

0.66 

10.013 

0.4839 

0.1 (> 

0.1365 

0.0256 

0.ti8 

11,017 

0.5215 

0.18 


0.0324 

0,70 

12.098 

05621 

0.20 

0.2667 


0.72 

13.266 

0.(5062 

0,22 

03594 



14.521 

0,6544 

0,24 

0.4613 

0.0577 

0.76 

15,880 

0,7076 

0.20 

0.5865 

0.0678 

0.78 

17..344 

0.7(566 

0.28 

0.7327 


0.80 

18.931 

0.8329 

0.30 

0.6015 


0.82 

202531 


0.32 

1.0947 

0,1029 

0.84 

22.270 

l/'li' (C) 

0.34 

1.31.39 

0.1 164 

0.86 

2.3.172 

0.9371 

0.36 

1.5608 


0.88 

26..301 


038 

13372 


0.90 

28.687 


0.40 

2.1450 


0.92 

31.435 

0.6292 

0.42 

2.4861 


0.94 

34.682 

0.5294 

Oi44 


0.1973 

a96 

38.702 

0.4212 

0.46 



0.98 

44.184 

0.2901 

0.48 

0.50 

I^HIi 

03368 

0.2582 

1 

58.115 

0.0000 



Fig. 60. Optimum shape of bottom 
with longitudinal-transverse winding. 


The optimum bottoiii shape Is 
presented In Pig. 60, where an 
ellipsoidal bottom with the same 
semiaxes as the optimum bottom 
Is noted by the dashed line. 


119 

















CHAPTER 9. END EFFECTS IN AXISYMMETRICALLY LOADED CYLINDRICAL SHELLS 


3. Differential Equation of Axlsymmetrlcal Deformation of Cylindrical 
Shell 


We consider an orthotropic cylindrical shel? , the principal axes /138 
of anisotropy of which coincide with coordinate axes x, g, which char- 
acterize the distance along the shell generatrix and the circumferen- 
tial angle (Fig. 61). 



Fig. 6l. Gaussian coor- 
dinates on surface of 
cylindrical shell. 


According to Eq. (10)-(12) and (24)- 
(26), In axlsymmetrlc loading of an ortho- 
tropic cylindrical shell, the basic elasticity 
relationships are presented In the form 


Qt, = —iCi(«p + «''); 

Ci = -D,9'; G, = vG,. 


(453) 


The equilibrium equations of a shell 
subjected to a surface load and end forces 
can be written In the form 


7’; + A'(x) = 0; 

c; = Q,. 


(454) 


The axial force generated in the shell is determined by the ex- 
pression 

where Is the axial force applied to the end of shell x«Xq. 

From the first elasticity relationship, with Eq. (455) taken Into /139 
account, the following can be obtained 


u 


X 


(456) 


By substituting Eq. (456) in the second elasticity relationship, 
we obtain 
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(i»57) 


fs 


+v,r,-v,Jx(6)di. 

»•’ 

If stress function Is introduced, the elastic forcesg wo*- 

ments and movements of the shell are determined by the following ex- 
pressions 


C, BE (f)'; <J)*; 

r, -/?z (x)-n(0"'; 


w - 


R* 

t\6 






u 


i; jd^jx (6) dl + jwdx + U|. 

»• »• X, 


(458) 


where u. Is the axial movement of the end of shell x*x . 

-L o 

The differential equation which describes the axlsymmetrlc deforma- 
tion of an orthotropic cylindrical shell made of laminated plastics has 
the form 


where 


~ 2c-<D''+ A* (p = -V, + Z' [x). 


(459) 


2e« = 


E,6 

"KIh* 


h* 


t2(>-V|V,)g, 

R*b*Ex 


(460) 


If the partial solution of Eq. (459), which Is found by convention- 
al methods, Is designated 4 >q(x), the forces, moments and movements which /140 

correspond to this partial solution are written In the form 


^0 L>i ’ 

X 


Xo 

- i /"*/*■ <E> ■'5 - 


(H61) 


Xt Xt 


V 

The solution of homogeneous differential Eq. (459), which determines 
the end effects generated near zones of abrupt change of geometric and 
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rigidity parameters or external load, has the form, for long cylindrical 
shells. 


where 


<P(i) r,0>,(x) I- C, <!),(»). (H62) 

d», (x) -= e"“co9ri; cl),(r) e"“sinrx; (^63) 

(H6H) 

The following known relationships satisfy functions ^ 2 ^*^ 


d», -- - (r d), + *<!),); tp; r <P, - S (p,; > 

«I»; - (*’ - r*) «P, + 2rs (P,; cpj _ r') (P, _ 
-2rs<Pi; 

d);'' ^ _ 3r*) d), + r (r* - 3f‘) <P,: 

— s (s' — 3r*) <P, — r (r* — 3s*) dJ,; 


(^<65) 


for short cylindrical shells, 

where 4>^(x), 4 » 2 (x), (t^Cx), •I'l^Cx) are the functions of V.Z. Vlasov, 
defined by Eq. (188), satisfied by Eq. (189). 

In short cylindrical shells, there is a general bent state of the 
shells, and, consequently, the ’’end effect" concept itself loses mean- 
ing. 


It follows from Eq. (462)-(46^<) that, in laminated orthotropic /l^l 
shells, the end effect damping zone is determined not only by the 
geometric dimensions, but depends essentially on the nature of the 
anisotropy and rigidity with respect to Interlayer shear. 

The end effect zone decreases with Increase in parameters E 2 /E,, 
E 2 /G 13 , i.e., the presence of interlayer shearing contributes to damp- 
ing the stressed and deformed state of^ the shell. The concepts of 
"short" and "infinitely long" is not purely geometrical for laminated 
orthotropic shells, and it is determined by the value of parameter s)l. 

It is assumed that, in actual laminated shells, the relationship 

? 2 

k >p or the relationship 


Gi,n ^ 1 

2 v'ad— v,v,) ’ 


(467) 


where interlayer shear modulus along the shell axis, is 

satisfied. 
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Long cylindrical sheila . We select the distance from section x» 
as the axial coordinate In which the end effect Is studied (Pig. 62). 

With this coordinate system, In order 
to maintain the validity of the expressions 
obtained above for the elastic forces and 
movements, the change of sign In differ- 
entiation In region I, located to the left 
of the section, should be taken Into ac- 
count. In the expressions presented be- 
low, the upper sign of the double sign 



Fig. 62. Hypothetical re- 
gions of propagation of 
end effects. q 


concerns region II, where xax^ and the 
lower sign, region I, where x<x. 


9o + C,l(**-r»)a),4-2rs<P,l-f 




G, = G, ^ IG, {iOi 4- /•<!>,) 

u = Uo + (*) — (*o)l* 

9 =* <Po — 

w = w,± ^|C,U(s»-3r*)(P,-r(r*-^3**)a),I + 
+ C, [r (r* - 3»*) <b, + » (f* - 3*) d>,I| . 


(H€) 


The two random Integration constants are determined from the /1^2 

boundary conditions in section x“0. 


Short cylindrical shells . In short cylindrical shells, for con- 
venience in practical calculations, it is more convenifnt to express 
the solution of Eq. (^66) in initial parameters (j)^, w^, G^, Q^, which 

designate the angle of rotation pf the normal, deflection, bending mo- 
ment and cutting force on the end of the shell (x-0). Since two con- 
stants will be assigned on one end, in specific calculations, the prob- 
lem is reduced to determination of * the two remaining constants from the 
boundary conditions on the other end of the shell. 


According to Eq. (461), for short shells. 


9 = 



C = (p'; Q = (I)'; 


w = — 


rn (i)" 

/J,6 


(469) 


The following expressions for the basic components or the forces 
and deformations can be obtained in the Initial parameters 


9 = 9, + -4 , „ ^ V 0 (*) c (*) ^0 • 

9, + (*) + Kq (*) 

(*) (*)9, + ^QG W 

G = ^0 » (*)•?. + + ^GQ (*) <?• + ^GC (*) 


(470) 
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Influence coefficients A^j are determined through hyperbolotrlgono- 
metrlc Vlasov functions (188), by the expressions 


^*9 (*) <I»I — 

2r*(i»Vv*) (•****““ 

+ *(«*-3r*)(P,I; 




**>1 



= -■^^, (***** 

+ 


‘^00 

( x ) = 0 . 4 -*-^^ 

o, 

• 

I ' 



- r 




— 

ra>,): 




(i<71) 


In finding the initial parameters from the boundary conditions to /1^3 
solution (470), the corresponding solution obtained from membrane 
theory must be added. 

44. Stressed and Deformed States of Cylindrical Shell Generated by 
Annular Concentrated li'orces 


We consider a long cylindrical shell compressed by a concentrated 
annular force of intensity q (Pig. 63). 

In view of the symmetry, only one half of the shell can be consid- 
ered, for exam.ple, that located to the left of the section where the 
pressure is applied. 


Since there are no surface loads or axial forces on the end of 



Fig. 63. Cylindrical 
shell subjected to 
concentrated annular 
pressure . 


the shell (X«Z"T^»0), the initial forces, moments 
and movements equal zero. Consequently, 


Qx - C, |(f* - f*) a», 4- 2r« <^al + Ct |(»* - r») <l>, - 

-2n0>,|; 

u m* (jr) — (s,)l + u«; 

^ 1^* f* <*>i - *• O' - 3.*) 0t\ + 

+ C, r r (r» - 3.*) d), + «(••- 3r«) 0,I|. 


i^72) 


Integration constants C^, C2 are determined from the boundary /ll<4 
conditions 


at 


* 0 q) ^ 0; 

<^1=0; C, 


Qx 

±_ 

Art ■ 



(^73) 


Consequently, the stressed and deformed states of a laminated cy- 
lindrical shell compressed by a concentrated annular force are deter- 
mined by the following expressions 


w 


Qx 


? |2r5d), -(s*-r*)<D,I; 


Ar$ 






(p = 


AriD^ 






Ir (r* - <D, + S (s* - Sr^) (I),|. 


(^7^) 


The maximum deflection in the section where the annular force is 
applied 


l^mtx — 


Cis^-r^)qm 
4«/s'j A 


(^75) 


The maximum flexural stress and the greatest shearing stress be- 
tween the layers are generated in section x*0: 


•^iiiax 


3? 

2» ** 


T ~ 

Tmnx - ^ 


(^ 6 ) 
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Pig. 6A. Sketch of 
cylindrical shell 
with annular ribs. 


We Investigate the stressed and deformed states 
of a laminated cylindrical shell subjected to uni- 
form Internal pressure, which Is strengthened by 
equally spaced reinforcing rings (Pl^. 6^). 

We will assume that a segment of the shell of 
length I located between two rings can be consider- 
ed Infinitely long In the sense Indicated above, 
l.e., the stressed and deformed shell states 
described by Eq. (*<7^) are completely damped In /IM 5 
distance 1/2. In actual shells, these conditions 
usually are always satisfied, since the rt>lnforc- 
ing rings must be larger to preserve the circular 
shape of the shell than to Increase the strength. 


Let the rigidity of the reinforcing ring under tension equal EF. 
The end forces and surface load components 

Z-p; X-0. (i<77) 

Consequently, the solution of the Inhomogeneous equation has the 

form 


G 


0 


«’o 


(^0 = «To = 0; 
- (2-v,) pli* 
ZKt A ■ 


(i<78) 


The intensity of the force of Interaction between the reinforc- 
ing ring and the shell q Is determined from the condition of compat- 
ibility of deformation of the ring and shell 


lUL ( 2 -Vj)p/e» 
i.f 2 /;, 6 

(*^79) 

•i*£j 6 


Consequently, the Intensity of the force of Interaction 

n <2 -’»'8) P ? 

^ “ -2 r/vs6 . -Ast-fi I • 

L Am J 

The normal stress generated In the reinforcing ring 


(il80) 


Oinat 


(2 — V|) pff 
26 


4*6 J 


(H81) 


The stressed and deformed states of the shell are the sum of the 
momentless state generated by the Internal pressure and the stressed and 
deformed states generated by the resistance of the ring to deformation 
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of the shell. The latter is determined by Eq. (47^)i where q Is found 
by Eq. (^480). 

Thus* the greatest normal stresses and maximum shearing stresses 
between the layers develop In the reinforced sections of the shell, /l^6 
and they are determined by the expressions 


mti 
e, mti 


pH 


3(2—v,)f> 

— 


i 

l-EF+~ir”J 



3(2-v,)v,p 

— 575* — 


£f 4* J 


3(2~v,)p i 

Tm„ « gj ffe,A . ’ 

4< J 


(il82) 




^5 . Calculation of Laminated Cylindrical Shell with Variable Wall 
Ickneas Changing by 5teps 


We determine the stresses generated in a closed laminated cylin- 
drical container, which is supported by the base on a circular sup- 
port and Is filled with liquid of specific weight y And is under low 
pressurization p^, which is required to give the container the necessary 

rigidity (Fig. 65). 



The lateral hydrostatic pressure of the liquid 
on the container wall is proportional to the height 
of the liquid column to the section under considera- 
tion and the specific weight of the liquid. If the 
coordinate origin is selected on the open surface 
of the liquid, 

+ C!83) 

In accordance with Eq. (^61), the moment less /1^7 
state of the shell Is determined by the expressions 


C, Q, - 0; 




V 


“’o 


= (/'o + Y*)^; 

— (2 - V«) p,w* , ynH* 


(1484) 


Fig. 65 . Variable 

thickness chemical Consequently, it is Inadvisable to make the 

container. walls of such containers of constant thickness. Let 

the wall thickness be Increased toward the base, 
changing by steps. We investigate the end effects which arise in the 
sections of the container where there is wall thickness discontinuity 
6 (x) . 


127 



Pig. 66. Initial param- 
eters in cylindrical 
shell. ° ® 


Let the thickness of adjacent sections 
of the shell be 6^, <2 consider 

two sections of the tank separately, on the 
assumption that they are sufficiently long: 
1>it/o (Fig. 66. 

For section I 


l(*I "■ '’•) *^*1 ■“ 

G, •" Cl (f| <b| 4- ®«) ~~ Cf(ri<P, — $1 0f); 

u», - wj — IC, [»» (»I - 3rJ) 0», - 
- r, f r; - 3»J) 0),1 + C, [r, (rj - atj) <b, + 

+ •!(•* ~3^i) 






f,6: 




By satisfying the boundary conditions, the following can be ob- 
tained 






C, 




i£lL 




(il86) 


Consequently, in the initial parameters, Eq. (^ 85 ) take the form 


U’o 


•p 


Qt = Co *!», + Qg ; 

' “’• + [®« ('■J + **' (*i - 1; ‘•’i) - 

l2(i-V|V,) r / *•— r* \ 


(^87) 


The movement and angle of rotation of the end of the shell x-0, 
respectively. 


/U 


u\ 




T, 


12(!-v,v,) 




(2s,C,-V,) 


y/>* 

A| 


(^488) 
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For section II 


<>| “• C't l<*| 

— 2r,*j *l»|] ; 

Cj Bs — C| (*i*I*i "f" 

f (^1 *1*1 + ***•)• 


-r, (r;-3i;) 0),] + c; lr,(r;~3.;) «I>, + 
+«,(«;-3»;)«p,]i. 


(ii89) 


t f 

We again find constants from the boundary conditions 

(^<90) 

from which the following values of the constants can be obtained 


C'M-r\)-C,2r^t^Q»> 
— C, *1 + *“ 


/t' 2*t^n-^Qit . /’* 

c,=i ;*" »'■ . t-i' 


I *.*-%*) c.+/«g. 


(^91) 


In initial parameters 0^, Q^, Eq. (489) are presented In the form 

C, Go (<l>i + ^ + (?o^ ; 


(492) 


The deflection and angle of rotation of the end of the shell x«0 


w 


_ (r — rofl* I yaff* ■ n* /_» , .t\ , o. ^ i. 

m — - ^2 (1 V|Vt) /«>• z' I \ V 


(493) 


7149 
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The conditions of compatibility of the deformations In the butt 
sections of the shell can be reduced to the foxnn 


Go [6j { *I + r®) -6, ( + ^1)1 + 2Qo (»i *1 + h *i) ” 

- (^^Po+ya) (6,— ; 

2Co l». ( »! + r! ) 6! + .. ( *: + rl) + Q, [( .1 + *! - 





+'■!){»;+ 





From this, for determination of end forces G , Q , we obtain the 
following expressions ° 


Po+Y®) (6, — 6i)/i+ I 

OXMt-VjV,) 

— 2(^^Pb + Ya)(6,— M/i— 

V/?*(6,-6 ,)6X® . 

v,v,) 

. . 

/, , 

_ (* 1 +*’!) (* 1 ^ 1 +*! \) . 


U ~ 




A = [( sj + r*) 6,_ (sj -h rj) fi,] [( sj + f>[— 

•^ ( ) *!1 - 4(s, 6, + »i 6s) [s, (sf + r!)6| + 

+ Si(s* + ^I)6j]. 


(*♦95) 


(496) 


After determination of the end forces, the stressed state In 
sections in which the thickness changes by steps is determined by the 
expressions obtained above. 

We note that the manufacture of cylindrical shells made of lami- 
nated plastics with variable wall thickness presents no technical dif- 
ficulties . 

46. Calculation of Laminated Orthotropic Cylindrical Shell Subjected 
to Axial Eccentrically Applied Forces 

In actual shells, axial forces may be applied to the side surface 
only with some eccentricity with respect to the mean surface (Fig. 67) 


/150 
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Fig. 67 . Cylindrical 
shell subjected to 
eccentrically applied 
axial load. 


We will assume that the contact of the 
shell with the reinforcing ring is linear. The 
axial eccentrically applied load can be re- 
duced to axial forces applied to the mean sur- 
face of the shell and to reactive bending mo- 
ments uniformly distributed around the cir- 
cumference of the shell cross section. The 
strength of the reactive’ bending moments is 
determined from the conditions of compatibility 
of the deformations of the ring and shell. 

By separating the reinforcing ring from 
the shell and replacing the force of inter- 
action between them by reactive moments of 
unknown intensity m, we have the calculation 
scheme shown in Pig. 68. M is the external 
torque generated by the eccentricity of the 
a.'^lal load. 



Fig. 68. Calculation 
scheme of cylindrical 
shell . 


The calculation formulas for determina- 
tion of the deformed and stressed states of 
an orthotropic laminated cylindrical shell, 
subjected to uniformly distributed bending 
moments m, are obtained by differentiation 
of the solution obtained for the case of 
annular pressure with simultaneous substitu- 
tion of m for q [18]. However, in taking 
account of Interlayer shearing, this method / 15 I 
can lead to errors, since the effect of 
shearing in the limiting transition not 
taken into account exactly. Therefore, we 
use general solution (468). 

For the upper and lower sections of the 
shell, respectively 


<?i = C, l(s«- r^) 0), + 2r* <D,I + C, ((»*- r») 0>, - 
-2r«<D,l: 

(sd), + r<I>,)— sO),): 
ir - ± ^ ir, [s (s*_3r*)<D,-r (r*~3s*) d),) -f 
' +C,lr(r!-3s*)<b, + s(s*-3r>)<I),|l; 

•T — 7^ + Ct 


(497) 


In section x*0, the bending moment has a discontinuity of m. 
Consequently, integration constants C^, C^ can be obtained from the 

following boundary conditions. 
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at x-0 w«0. 


(^<98) 


By substituting Eq. (^97) In Eq. (498), we obtain 


C,s(s*— 3r*)— C,r(3s»-r*)=:0; | 


(499) 


The following can be obtained from Eq. (499) 


r ' m (3«* — f*) . 
4* (*‘ + r*) • 


c. 


m (»•— 3r>) 
4r(f‘ + r*) • 


( 500 ) 


In this manner, there are the following calculation formulas for 
a shell subjected to bending moments of Intensity m uniformly dis- 
tributed around the perimeter of the section 


= . W± . a (r», + .<|).); 


(p esr 


Cl - T ~ I2rs <I>i + (s*-»^) Osl; 
“ ™ -4^ 

(*.)!' 


(501) 


In Eq. (501), the upper sign refers to upper region I of the 
shell and the lower sign, to lower region II of the shell (see ?lg. 
68 ). 


For shells made of laminated jiiastlcs, reinforcing rings with a 
continuous rectangular cross section are most acceptable. The resist- 
ance of such a ring to axlsymmetrlcal torsion Is determined by the 
flexural rigidity of the ring EJ , l.e., the rigidity of the ring when 

O’ 

It Is bent out of the plane of curvature. 

From the compatibility condition of deformations of the shell and 
reinforcing ring 4 >j,= ())g, It can be found that 

JL. ( 502 ) 


where the geometric rigidity parameter Is designated i; 




£/u (3**-f*) ' 


(503) 


/152 


132 


In accordance with Eq. (502), an external uniformly distributed 
bending moment which Is transmitted to the shell through an elastic 
reinforcing ring Is taken up by both the shell and the reinforcing ring. 
The fractions taken up by the shell and reinforcing ring are determined 
by parameter C. An Increase of this parameter entails a decrease In 
load which Is transmitted to the shell. Thus, the stress and deforma- 
tion of the shell can be regulated by Increasing the flexural rigidity 
of the ring. Since this rigidity Is characterized by moment of Inertia 
Jy, for transmission of eccentrically applied axial forces to the lami- 
nated cylindrical shell. It Is advisable to use wide reinforcing rings. 

It should be noted that, with large shell dimensions, the effect 
of the reinforcing ring decreases sharply In proportion to r 3/2, l.e., 

In thin cylindrical shells of large diameter, the external bending mo- 
ment Is almost entirely absorbed by the shell. 

The stresses and deformations due to uniform compression should be 
added In the lower part of the shell to the stresses and deformations 
which are determined by Eq. (501). 
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CHAPTER 10. AXISYMMETRIC DEFORMATION OF ORTHOTROPIC SHELLS OF ROTATION 


47 . Initial Relationships and Baaic Differential Equatlona 

We consider laminated shells of rotation loaded symmetrically /153 
relative to the axis, Including the reactions of the support connec- 
tions. We select circumferential angle 0 and angle a, formed by the 
normal to the mean surface with the axis of rotation as the curvilinear 
Gaussian coordinates on the mean surface of the shell (Fig. 69 ). 



Fig. 69 . Curvilinear 
coordinates on sur- 
face of shell of ro- 
tation. 

and bending moments G 


We will assume that the principal direc- 
tions of anisotropy of an orthotropic laminated 
plastic are coincident with the coordinate direc- 
tions, l.e., with the lines of curvatures of the 
mean surface of the shell. 

Under axlsymmetrlc loading, a shell of 
rotation will be deformed symmetrically relative 
to the axis. Consequently, the forces, bending 
moments and movements of the mean surface of the 
shell will be functions of angular coordinate 
a alone. 

From the elastic forces In the shell, only 
normal forces T^, T^, transverse cutting force 

G 2 will result. Movements of points of the 


mean surface are completely determined by two components u, w, l.e., 
by movement along the meridian and deflection of the shell. 


In accordance with basic Eq. (24)-(26) and Eq. (10)-(12), In axi- 7154 
symmetric deformation of a shell of rotation. 


T 

T 


„ / u' + u> .1 rica 4-u’ 

— nr- 

„ / Mftga + u' , u' + w 

■ ” TT, + ''‘~5r 



(50l|) 


(505) 


where R, R^ are the principal radii of curvature of the mean surface, 

1 > ^ 

and the primes designated differentiation over angular coordinate a. 

For symmetrically loaded shells of rotation, equilibrium Eq. (17) 
take the form 
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( 506 ) 


— r,/?, cos a - QiR, sin a » ^XR, sin a; 

sin a) , jj n _i / 3*" I 7*« \ *•»« 

55 /ififfaslna -f 2/?* sin a; 

rf(C.yna) _ ^ __ QtRiRt sin a - 0. 


As the solution of nonhomogeneous system of Eq. (506), we will use 
the solution which corresponds to the membrane theory of shells. Fur- 
ther, we obtain the solution of homogeneous system of Eq. (506) on the 
assumption that X«Y-0. 

Following Meissner, we Introduce the stress function 

V-R2Q1. (507) 

Then, from the first two equilibrium Eq. (506), we obtain 


Vciga . ™ ^ 

/?, • ^ a - yj, • 


(508) 


For axlsymmetrlc loading of shells of rotation, relationships (8) 
take the form 


U' -\-W ‘ 
uctga + u/ 


^(v.Kc.ga-^r). 


(509) 


By substituting them in the obvious Identity which expresses the 
condition of deformation compatibility 

w’ —u = («ctga + u7 — u' — u>)ctga + (uctga + tr)', (510) 


we obtain one differential equation 


/155 


^ [(^)' + "8“] - [^‘^7 '‘e'“ + 


(511) 


By substituting Eq. (505) In the remaining unused equilibrium 
equation, a second equation can be obtained for stress and deformation 
functions V and 4> 


V’ 



-q> [vj + -^X*ctg*o] = - 



(512) 
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Thus, the axlsymmetrlc deformation of shells of rotation Is des- 
cribed by system of Eqv: (511) » (512), which It Is convenient to present 
In the following symmetrical form 


+ (513) 

^(v) — (51^) 


where L() designates the differential operator In second order partial 
derivatives 


(515) 

k — _ fig* 

gi "5017’ 


here Is the length of the arc of the meridian of the mean surface 

of the shell. 

Consideration of shells of rotation of variable thickness 6»6(a) Is 
of practical Interest, since the manufacture of such shells from laminated 
plastics Involves no fundamental difficulties compared with shells of 
constant thickness. 

Without repeating the calculation, for axisymmetrlcally loaded 
shells of rotation of variable thickness the following system of dif- 
ferential equations can be obtained 

- 1 {RiV -V, V ctg a) = Et flr. 

-^q> + 3|- (/?,<}) + V,«pctg a) » (516) 

where the points designate differentiation over the arc of the meridian 

c • 


Eq. (513), (51^) and (516) are valid for laminated anisotropic /156 
shells of rotation of constant and variable thickness, which are made 
of laminated plastics of unchanging elastic constants along the merid- 
ian- However, if a convex shell of rotation is made by continuous 
wirding of fiber fillers, as was pointed out above, the elastic con- 
stants of the material will change along the meridian, since the fiber 
packing density Increases toward the pole of the shell. 

The structure of the equations and asymptotic analysis of the 
solutions show that system of Eq. (513), (51^) or (516) describe the 
simple end effects phenomenon, l.e., for not very "short” shells, the 
solutions contain terms which are rapidly damped with Increase in the 
argument of C [1]. Consequently, the equations obtained will be valid 
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for shells of rotation, where there are factors which cause local flexural 
de format ions. 

If the Indices of variability of the external loads, elastic con- 
stants and geometric dimensions of the shells are not very large, Eq. 
(513), (51^) for constant thickness shells of rotation and Eq. ( 516 ) 
for variable thickness shells of rotation remain valid. However, fur- 
ther simplifications can be made in these equations. 

48. Differential Equations of Technical Theory 01 Axlsymmetrlcally 
Loaded Shells ot ftoiatlon ' 


Exact solutions of Eq. (513), (514) present great mathematical 
difficulties, and they are obtained only with some simplifying hypoth- 
eses for individual cases. At the same time, for engineering applica- 
tions In many cases. It Is quite sufficient to be limited to the first 
approximation of asymptotic integration C7]. The error of the simp 11- 
fled equations which correspond to the first approximation Is Xv' 4/R 
compared with unity, i.e.. It Is completely sufficient for "thin" shells. 


The technical theory equations can be obtained. If It is assumed 
that the Index of variability of displacement functions (j) and stress 
functions V are considerably greater than the Indices of variability of 
geometric dimensions R^, R 2 , 6, elastic constants c^j , a^^j and the ex- 
ternal load applied to the shell. 

By multiplying Eq. (514) by random complex constant z-x+ly and 
summing with Eq. (513), we obtain 




(517) 


Following A. I. Lur'ye [I8], we set 


IL 


^ 1 ' 




Ml 


+ 



= — (a + bi). 


/I57 


(518) 


By substituting z=x+ly in Eq. (5l8) and separating the real and 
imaginary parts, we obtain 


Vt 

Ml 



s 



y = Dib\ 

Vj I /ijftx 

rt, + " 


—a; 


+ 


(519) 


By disregarding the small terms, the following values of the con- 
stants Introduced can be obtained: 
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^ <a* DJi^\ 


Where 




hiBi 

•itt. 


0 “ d,r, \f ^ * -c.c. V'jrr;;r 


W»|/ 




»2>.«(l-v,v.) 
/»* A* 


JL 


■/?3 V^A:* — (i)« , 


oi‘ 


_ »7j (1 — V|V>) . 

2R* 

t 


2K,H\ 


hi _ ^| '12(1 — v,v,) 


( 520 ) 


( 521 ) 


Consequently, Eq. (517) takes the form 

L(U)+(a+bl)U-0, (52?) 

where U Is the complex function of stresses and deformations determined 
from the expression 

U+V+(x+ly)4>. (523) 

Because of the assumptions made as to the nature of variability 
of the quantities, operator L(), which can be determined by Eq. (515), 
can be simplified 




(52*t) 


Far from the pole of the shell (a*0') , the last terms In this /158 

operator can be disregarded and, consequently, the deformed and stress- 
ed states of the axlsymmetrlcally loaded shell of rotation In zones 
quite far from the pole are described by the following second order 
differential equation 


dW 

rfC* 


[(1)* — i ] k* — 1>»*] i/ = 0. 


(525) 


The elastic forces, bending moments and radial movement of the 
shell far from the pole are determined by the formulas 


/I ^ . T’ ^ ® . V . 

C, = v,G,: 

t A Rt dV . 


( 526 ) 
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Correspondingly, the stressed and deformed states of the shell of 
rotation near the pole (o*0) are described by the following differential 
equation 


where 


dm 


1 dU 




- [w» + r -0, 


K 


(527) 

( 528 ) 


The elastic forces, bending moments and radial movements of the 
shell In the area of the pole are determined through the stress and 
deformation function by the formulas 


Qi 




dV . 

-IT' 


Gy »= 



(529) 


In accordance with Eq. (523), If a solution of differential Eq. 

(525) or (527) Is found, l.e., if the following complex function of 
stresses and deformations Is found 

U(c)-ReU(!;)+lImU(c), (530) 

functions (j) and V are determined by the following expressions /159 


where 


9 


y “ 2r*/),/f, ’ 






(531) 


(532) 


^9. Calculation of Axlsymmetrlcally Loaded Shells of Rotation In 
'f'helr Coapling ^ones 

The examples of axlsymmetrlcally loaded shells of rotation most 
often found In practice are the bottoms of cylindrical containers oper- 
ating under internal pressure. In chemical containers, a bottom made 
up of smoothly Joined, spherical, conical and toroidal shells is used. 

At the Joint sites In such shells, local bending stresses and deforma- 
tions appear which are described by differential Eq. (525). 
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The solution of Eq. (525) which disappears at Infinity can be 
written In the following form 


^ ““ (^'i + iCt) ^ * (sin r$ + 1 coi r$). 
Consequently, the real and Imaginary parts 


(533) 


(53'^) 


where (c), ^2 exponential trigonometric functions which 

disappear at Infinity and are determined by Eq. (^< 63 ). They are sat- 
Islfed by Eq. (^ 65 ), which are very convenient for practical strength 
calculations . 


In accordance with Eq. (531) » we obtain 

tf ... (C,0),+C,(I),); 

- C,|(s»-r*) <J>i + 2r« <P,1 + C, ((«*— H) O,— 2n 0>,). 


(535) 


The elastic forces, bending moments and radial movements of an 
axlsymmetrlcally loaded shell of rotation are deterralned by the follow- 
ing formulas 


Qi - Qo + |(s* -r*) <1>, + 2rs (p,) + 

+ C,|(**-r*)U»,-2rsd>,l; 

G . = |C, (s cp, + r d),) - (r (D, - s (D,)l : 

f, -|C,l(s"-r»)«PH-2rs<P,l + 

-f- C, I(s* — r*) <I>, — 2rs d>, 1 1 ct g a + r I ; 
fj- ± lC,|s(3r*- $*)d>,-r(3s*— r*)d),14. 

+ C, |r ( 3s* - r*) d', + s (3r* - s*)d>,l | f ^ 

I- ±-^lC,|s(3r*-s*)d),-r(3s*-r»)d>,|-r 
+ C, (r (3s* — r*) <P, + s (3r*— s*) d>,l) sin o + 1,. 


(536) 


where quantities obtained according to membrane theory are noted by the 
symbol "o.” In Eq. (535), (536), angular coordinate P Is reckoned from 
the section where the local stresses are Investigated. The upper and 
lower signs concern the lower (I) and upper (II) regions of the shell, 
respectively (Fig. 70). 

We consider a quite "long" shell of rotation, at one end of which 
B*0 bending moments and thrusts are applied (Fig. 71). 

For anisotropic shells of rotation In study of the deformed and 
stressed states under axlsymmetrlcal loading, the concepts "long" and 




Pig. 70. Diagram of 
arbitrary reglone of 
propagation of end 
effects In shell of 
rotation. 


"short," as was pointed out earlier, are not 
purely geometrical but, rather, they are de-- 
termlned by elastic constants of the shell 
or by parameter st. 

With given thrust P , cutting force Q ■ 

o o 

Pq sin a and, consequently. Integration con- 
stants Cj^, are determined through Initial /l 6 l 
parameters 0 ^, by the following expressions 


Ct 


2*Gt — Qt . /I 




(537) 



Thus, In expressions of the elastic 
forces, bending moments and deformations through 
the initial parameters, there are the follow- 
ing formulas 


Fig. 71. End forces 
In shell of rotation. 


(?i - Co 


+ 

r 




C, ■= G„ +7 j ^ C,; 

— go (2« 0| — - 7 — <I>,^ j sin a; 

/■j = — d>, + ® + f *; 

•P" ~ o, [®o(2s<I>, 4*--7 d>,)— 


(538) 


As an example, we consider the problem of calculation of Joining 
a cylindrical tank to a spherical bottom. The stressed and deformed 
states in the butt zone of the section are determined: In the bottom, 
by Eq. ( 538 ) j In the cylindrical part of the container, by Eq. (^^92), 
with Y“0. 

We designate all parameters of the cylindrical part of the container 
by exponent I and all quantities which relate to the bottom by exponent 
II. 


From the deformation compatibility condition, the following values 
of Initial parameters G^, can be found, which determine the forces 


1^1 



of Interaction of the cylindrical part of the container with the bottom; 


where 


P,-P 


(«,«»+•„) 




II 


_(2-vJ)r 
4 [ ifetl + *j»|, (t + d aln a) + 


eofo 


4 - **| lin aj + *1, (d —•In a) — *J* (rf tla o) ’ 




« (•l' + «||iina)co»a 4 - 
4 f I 4- «|f 1 1 *ino) 4-«i|**ICO 


(2~v|)/? 
2 


4-«(|l «in u- 


l-v 


II 


2iin a 


1- I (d—»ln n) 


4. <(j, (d ~ »lo a) — # (<f — *in a) 


«>ll ^ *11 




o * 


nr 


d. 
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(5^0) 


In order to decrease the end effects which arise In the butt sec- /162 
tlons of the containers, It Is advisable to make them as smooth and 
continuous as possible. Smoothness and continuity are particularly 
Important In the butt section of a container where the cylindrical part 
is Joined to the bottom. However, continuity of the curvature of the 
meridian cannot be preserved while ensuring smoothness of the contours 
in this section. 

In the smoothest and most continuous coupling of the bottom to the 
cylindrical part of the container, except for the bending moment In the 
butt section, the Initial thrusting forces disappear. With sharp 
breaks in coupling, they can lead to local collapse of the butt section 
of the container as a result of loss of stability. Examples of smooth 
nonthrust bottoms are ellipsoidal, box and hemispherical bottoms. If, 
for some reason, a smooth coupling cannot be achieved, the sections 
where there Is a break In continuity should be reinforced with rings. 

50. Flattened Laminated Spherical Shell Subjected to Concentrated 
Forces Applied at the Poles 

We consider the problem of calculation of a thin laminated spher- 
ical shell loaded with concentrated forces at the poles (Fig. 72). 

For isotropic spherical shells, such studies have been conducted 
in [ 7 , 18 ]. It Is evident that laminated spherical shells which are 
subjected to concentrated forces do not need to be anisotropic. More 
than that. If the point of application of the concentrated forces Is 
not fixed, the most nearly optimum structure of the material is a full /I 63 
strength structure. Just such a case will be considered. 

Parameter c^ In Eq. (527), which describe the stressed and deformed 
states of axlsymmetrlcally loaded shells of rotation near the pole, 
equals unity. Consequently, the basic differential equation of the 
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problem under consideration has the form 

(5^1) 


£U 

li 




The elastic forces, bending moments 
and radial movements of a full strength 
spherical shell are determined through the 

Pig. 72. spherical shell ‘•“"'‘I®"* »!' ‘he 

subjected to concentrated following expressions 


forces. 


o - X . r - ^ . T . 

Vi-x* ^i“— 2J-*. 

+ c,-— + 

We make the following substitution of variables 


t- 


H 

K«*-</Frss 


We then obtain 


dU V a* -I dU 

^ 1 

f « it/n — rsi 

^ -jp- . 


Differential Eq. (5^1) takes the canonical form 

d*U , 1 dU 


d^U , i dU , / . 1 \ .. ^ 

■rfjT + T -Sff + ( i —■ |r) - 0. 


(524) 


(543) 


(544) 


(545) 


The solution of Eq. (545) is written in first order Bessel func- 
tions of the first and second kinds 


U-C^Jj^(C)+C2Y3^(C). 


(546) 


The deformed and stressed states of the shell near the pole are 
described by the second term, since they should decrease with Increase 
in the argument. Consequently, C^^iO must be set. 

By switching '"o initial argument which is the length of an 
arc along the mer. - Ian, we obtain 

U-C2Y3^C(r+is)c3, (547) 

where C2 is the complex integration constant. 

By separating the real and imaginary parts, we obtain 
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(5i<8) 


t/ - (/! + 5<) (Be r, + «• Im r,). 

and, consequently Ret/« jRer,— TSflmK,; 1 

Imt/-FReK,+7lmr,. ) (5^9) 


In accordance with Eq. (53Di the deformation and stress functions 
are determined by the expressions 


m A\mYi 4 - 5 Re _ 

^ zFnfB • 

r-S(Bor,+ ^Imn)- 

or, after Introduction of new constants 


(550) 


>4Imr,+fiRer, 

1 ; 

V = A [2rs Re r, -f (s*_r*) Im y,) — 
— B |2rs Im yj _(«*— r*) Re y,). 


(551) 


We find Integration constants A, B from the boundary conditions 
at the pole of the shell, namely, in the limit as ^■*'0, the following 
conditions should be satisfied 

(|>=0i 2 ttcV=-PR. (552) 

Since yi (2),^o <=« — we obtain 

;i z ’ 


Re>^i:.o = 


2r 


a A*; 


I my 


2« 




(553) 


By substituting Eq. (553) In boundary conditions (552), we obtain 



R 

^=17 • 


(55^) 


Thus, the deformation and stress functions take the following 
final form 




1411 


( 555 ) 



For a full strength spherical shell near the pole, according to 
Eq. (509), 


By subtracting 



( dV 

r-55-" 

■ih 


/ »' 



the second equation from the first. 


(556) 
we obtain 
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rfu ^ 1 f V / 

dii a E b \ lia a / 


(557) 


Consequently, the movement of points along the m.erldlan and the 
deflection of the shell are determined by the following formulas 





(558) 


The following 
taken into account 


rule of differentiation of a Bessel function must be 
in determining the forces and movements: 


^(Roy,) -rRoy„-sImyo— ; 
(Im y.) -s Ro yo-f r Itn y,- . 


(559) 


The deflection of the shell at the point of application of the 
concentrated force 


w =» 


Pk*H^ 


AEby 


= Imyo 


( 560 ) 


The elastic forces and moments which arise In the shell are de- 
termined by the expressions 


! 2 raRor._(s>— r'jlmr,- 


1- v 
s 


(sRey,-f rim y,l| ; 

Re y,— rlmy,)-i — -II— —1— 

" C 2n « sin'a 

[^**“^o + -|-(sRey,— rlmy,))+ j 
+ -H L_ 

^ 2n/f siu»a ‘ 


( 561 ) 
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For an axlsymmetrlcally ..oaded orthotropic shell of rotation, /166 
differential Eq. (527) near the pole can be reduced to canonical form 
by the same substitution as for a spherical shell 


d*u 

dp- 


1 dV 


i d 




( 562 ) 


The solution of this equation Is expressed through Bessel functions 
of the first and second kinds of order n»c, which is determined by the 
type of pole of the shell and the nature of the anisotropy. 

The solution of differential Eq. (562) which decreases with In- 
crease In the argument of c has the form 

U-C2Y^[(r+sl);]. (563) 


51. CalculatJon of Temperature Compensated Pipe 

For compensation of temperature deformation of long cyllndrj.cal 
pipes which operate under uniform Internal or external pressure, small 
annular toroidal corrugations are made very often (Fig. 73). 



Fig. 73* Pipe with 
external corrugations. 


Within one corrugation, We will 

assume the radius of curvature of the oori'uga- 
tlon to be smaller than the pipe radius, and 
shell thickness 6 to be smallei* than corruga- 
tion radius p. 

The cross section radius of the corrugated 
portion 


r»R+p (slna-slna^) . (56^) 


According to Eq. (50^1), (505). In axlsymmetrlc loading, the elas 
tic forces and moments are connected with the deformed state of the 
shell by the following expressions 



H' + u> , u COS a 4- sin a 

_ [. Vj 


u cos a + irsina , u' + u* 
7 



( 565 ) 


1H6 





We present the forces, bending moments and movements In the form /167 
of expansions by small parameter p/R 


M-0 

ti-0 

n— 0 

CO 

M-U 

n»0 

n-O 

n-0 


n -0 


(566) 


In accordance with Eq. (565), the coefficients of the expansion 
are determined by the following expressions 


ti-i 


+ + V, 2 X 

jTo 


X {Uj cos a -f Wj sin a) j ; 


fpin) 

r. - — 


n-l 


V2(u« + ir„)+ 2 X 

i-0 

X (u, cos a -f sin a) j ; 

Qn = (efn + irj,— u„); 

-|r[<Fn + v,cosa . j 

—-^[^v,(p;-|-cosajS T>] 

for n=0, 1, 2, 3, . • where 


(567) 
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0 ■ 


n*slna-sina 


( 568 ) 


By substituting Eq. (567) in the equilibrium equations, we obtain 


(rr ,)' - r, c C09 a — ^,r = 0; 

+ Tif + 7*, e sin a - pr q; 
(rC,)' — 6 , 0 cos a — 0 ^ = 0; 


(569) 


a recurrent sequence of systems of differential equations can be ob- 
tained for solution of the problem considered. 

For n»0, 


For n^l, 


dr: 


da 

dQ, 

da 

dG* 






da 


■C<?o = 0. 


cos a 4- n-” sin a): 

Q„ ^ -cos a v‘ (GO) _CV>). 


(570) 


(571) 


The deformed state of the shell is determined by solutions of the 
following differential equations 


Hn - --f^Gi^^-v^cosa V 

* ^C =0 


H%, + lt’„ = 7 ‘r’ - ~ Q’n — 0<Pn — 

n - I 

—''2 2^ (— ’l)"’"’*' (u;Cosa + w>siii a); 

= 0 

w'n — V, (— n)’"''"' (uKoso + »i’>sina) 

‘I j-O 


(572) 


(573) 

(57ii) 


for n=0, 1, 2, . . . 

There are differential equations of the (573) type for determina- 
tion of forces T^^*^S and, since integration of Eq. (572), (57i<) 

presents no fundamental difficulties, the problem of calculation of 
cylindrical pipes with transverse corrugations is reduced to the solu- 
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tlon of second order differential equatione of the type 

y"+y-f(o). (575) 

If the right side of Eq. (575) is presented in the form of the 
expansion in trigonometric series 


/(«)- m cos m a -h Bm sin m a), 

masO ' 

where 

/ (u) cos mada; f ^ (®) »» a da; 


the general solution of differential Eq. (575) is in the form 



(576) 

(577) 


1/ (a) C, cos a + C, sin a + + « ('I I sin a — cos a) 

CO 



cos m a -f 


Dm 

m«- 1 


sinma 


)• 


(578) 


In the general case, the solution of Eq. (575) can be written in 
the form 


y (a) •= C, cos a -f C, sin a + 

tt a 

-I sin a J / (I) cos ld\ — co»ajf {%) sin ^dg. 


(579) 


An advantage of the proposed method of 
calculation is that all the relationships 
obtained remain valid for negative curvature /170 
corrugations (Fig. 7^), if the sign of p is 
changed. 


In particular, compensators with cor- 
rugation of alternating sign curvature which 
are continuously and smoothly Joined together 
can be considered. In this case, it is not 
strictly possible to speak of pipe with 
corrugations, since such shells are more like 
bellows. However, in view of the absence of annular or conical springs, 
the rigidity of such degenerate bellows will be very substantial, ap- 
proximately (R/p)3 times greater than the rigidity of conventional 
noncompacted bellows. 

52 . Thermoelastic Stresses Generated in Orthotropic Shells of Rotation 
by Axlsymmetric Heating 



Fig. 7^. Pipe with in- 
ward corrugations. 


In the use of shells made of laminated plastics, it must be kept 



In mind that) at comparatively low temperatures, the change In thermo- 
physical properties of the material must be^ taken Into account. This 
Is the basic difference of heat problems for laminated anisotropic 
shells from the corresponding problems for Isotropic metal shells, which 
usually are solved on the assumption that the elastic constants are In- 
dependent of temperature. 

We suppose that axlsymmetrlc heating of a shell of rotation 
occurs to a temperature at which the Duhamel -Neumann thermoelastic 
hypothesis remains valid, and that the creep of the material can be 
disregarded. With such assumptions, problems were solved In [10] with- 
out taking Interlayer shearing Into account. 

We will assume that the shell material Is orthotropic and that the 
principal axes of anisotropy coincide with the lines of curvature of 
the mean surface of the shell, l.e., they coincide with the coordinate 
directions at each point of the surface. Since, In an orthotropic 
shell under tension and compression In the principal directions of 
anisotropy, the latter remain the principal axes of anisotropy, we will 
consider that heating does not distort the angles between the axes of 
elastic symmetry of the material. 

If the standard thermoelastic hypotheses which established the 
connection of the thermoelastic stresses with deformations are retain- 
ed, the relationship of elasticity in heating to temperature t can be 
written in the form 








^ ai4 a, 


( 580 ) 


where e^^, are the components of the total deformation; are 

the coefficients of linear expansion of the material in the axial and 
annular directions. 


Elasticity relationships (580) can be presented for the stress 
components In the following form 


o, -c„e, + c„<-,— p,f; I 
O. — C|2^, — Ps^» i 

where ^i, “V, = 

• Pa“«si(ai + v,a,). 


(581) 

( 582 ) 
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In Eq. (580), (581), thermoelastic ''constants” E^^, E 2 , V 2 , 

®11* °12* °22* “ 1 * ” 2 * ®1* ®2 shell temperature t=t(C, z), 

l.e., in the general case, they are functions of coordinates (c, z). 

By virtue of the rectilinear elements hypothesis, according to 
Eq. (1), 
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0| •> Cn *1 + ^ij + s (^n K| + Cgt hJ)— Pi (; 

Oj, t|, *1 + C|t *t "i* * (^w **i ■+■ 


( 583 ) 


By reducing stresses (583) to the statically equivalent system of 
elastic forces and moments, we obtain the basic relationships which con- 
nect the deformed, stressed state of a laminated orthotropic shell 


“ ^11 (;) e, -f Bg, (C) e, + (0 + A,^ (C) x\-Ng (C); | 

“ Bgg il ) *! + *«(;)•, + Ag,(l) hJ + Agt (C) (t); J 

- Mu C) e, + - 4,1 (C) e, + Dgg (C) k,* + 

+ Bgta)H\^Afg{i)]; 

G,«- M„(C)e, + ^„(;)e,4-Z)^(;) f 

Where A/i (C)]; 

A/3 

BiJ(l)» f eu(i,z)dz; 

- 6/2 

A/2 

f egj{l,z)zdx; 

-a/2 

A/2 

^w(S)*= / 2)2’ <iz 

- a ‘/2 

for 1, J*l,2; 


for J*l, 2. 


A 2 

•V; / P*(;. 2) /(;.£)</;; 

-A, 2 
A 2 

f P«(C. s)^ (?, 2)21/2 

-A, 2 


(58H) 


( 586 ) 


( 586 ) 


( 586 ) 
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By solving Eq. ( 58 ^) for the deformation components and by substituting 
the resulting values In Eq. ( 585 ), we obtain 


Fi « 


!ii£L 

A < 


Of, r fttfg 
A 


fl, -a"i 
— fluA, 




B,t Vciga D„ rfr p p 

■ “a — 


A 


(587) 


G, = - Dn y.\~Dgg x; + Fgg + Mg (;); 

C, « - Dgg x\-Dgg x: ■+ Fgg + /■„ (;). 


where 
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a - f»„; 



'*11^*1 



^ 4 

Ftx- 


— 4i|B|, . p AnBit~ . 



75 . 

D„- 


— 

A 


Du- 


A 


n 


Ugf — 

A 




( 588 ) 


For determination of the stress and deformation functions, two 
equations remained unused; the continuity of deformation equation and /173 
one equilibrium Eq. (506): 


d sin a) 


di 


iitnl 
C, cos a «» V sill a. 


-<r: 


(589) 


Since the system of equations which is obtained after substituting 
Eq. ( 587 ) in Eq. ( 589 ) hardly seems suitable for practical calculations, 
it is more advisable to find a partial solution by one of the available 
approximate methods. In this case, terms dependent on (1*1, 2) 

appear as the heat load. Solution of the homogeneous system of equa- 
tions can be obtained approximately, based on the technical equations 
of axisymmetrlcally loaded shells of rotation [1^]. 

We consider the case of axlsymmetrlc quite smoothly changing heat 
with length. In which the thermoelastic constants change considerably 
more slowly than the stress and deformation functions. Then, by ob- 
taining the equations, the coefficients dependent on the thermoelastic 
constants and shell geometry can be considered constant and correspond- 
ing to the shell section under consideration. Besides, lower order 
derivatives can be disregarded compared with higher order derivatives. 

With such assumptions, system of Eq. ( 589 ) takes the form 


V q> 

dGy V 
rf; ' ’ 


( 590 ) 


and Eq. (587), (588) are simplified; 
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»ii dy 


(591) 




C.- 


By substituting the latter expressions In Eq. (590), the follow- 
ing can be obtained 


where 






2tf*. 

A* 


— 

A 


f 


(592) 


(593) 


Differential Eq. (592) Is analogous to Eq . (^159), which describes /17^ 
the end effects In a laminated cylindrical shell and, consequently, 
its solution, which disappears at Infinity^ 

v-Cj^$j^(;)+C2^2(;). (59*0 

where ^>2 degenerate Vlasov functions satisfied by Eq. (*l65). 

For each section where the thermal end effect Is Investigated, the 
corresponding values of integration constants C^, C 2 are used. The 

boundary conditions are written for a general solution, l.e., for the 
solution of Eq. (59*^) and some partial solution of nonhomogeneous sys- 
tem of Eq. ( 587 ) and ( 589 ). 

The problem of calculation of the temperature stresses In axisym- 
metrlcally heated shells of rotation Is significantly simplified In two 
cases frequently encountered In practice. 

1 . The thermoelastic constants do not change upon heating . In 
this case, basic relationships ($8^) and (585) take the' form 


=• «i + ^i, e, — iVi’, 

>, == ^ 1 , + (595) 

Cj = ^ 1 , **1 

l.e., we have the conventional problem of an orthotropic shell In the 
presence of an axlsymmetric heat load, which Is characterized by param- 
eters N^, (1*1, 2). 
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2. Un iform heating of shell . In uniform axleymmetrlc heating of 
a shell of rotation, the elastic constants and coefficients of linear 
expansion of the material change. However » they remain constant at the 
corresponding shell temperature. In this case, the basic elasticity 
relationships take the following form; 




(596) 


Where exponent t Indicates that the rigidity coefficients for temperature 
t are used, l.e., we again approach the conventional problem for an or- 
thotropic shell with an extremely simple axlsymmetrlc heat load. 





CHAPTER 11. CIRCULAR ANISOTROPIC CYLINDRICAL SHELLS 


53. Basic RelatlonshlPB and Differential Equations of Anisotropic 
Cylindrical ^he.t l 

We consider a circular cylindrical shell made of a laminated /175 

anisotropic plastic with elastic constants c^j, a^j . 

liSt R be the cross section radius of the shell and 6 be the wall 
thickness. We select dl’^enslonless orthogonal coordinates a, 0 as the 
curvilinear Gaussian coordinates on the mean surface of the shell, of 
which a defines the relative distance along the generatrix of the shell 
and 0 defines the circumferential angle (Pig. 75). 



For convenience, we choose the Lame param- 
eters to be the same and equal to the shell 
radius, l.e., Aj^^Ag^R. The principal radii of 

curvature of the mean surface of the circular 
cylindrical shell are R^-*'*; R 2 *R. 

In the coordinate system selected, equi- 
librium Eq. (17) of a circular cylindrical 
shell are presented in the form 


Fig. 75. Dimensionless 
coordinates on surface 
of cylindrical shell. 




dTt I 6S 

op “ 

i)a ' op 

, m 


Q,^-RY; 


Oa 

flC,. 


op 

IIL 

f>a 


+ T,~RZ‘. 


HQv 


(597) 


The positive directions of the forces and moments In normal sec- /176 
tlons of the shell are shown In Pig. 1. 


The components of the relative deformation and shear of the mean 
surface of a circular cylindrical shell, the effective changes In curva- 
ture and torsion, as well as the Interlayer shearing along the coordi- 
nate axes. In accordance with Eq. (10)-(12), are determined by the fol- 
lowing expressions 


Pi -- 


n 

CU — 


du 

Ha 


‘ 2 "" ( op 


U 


X. “ 


du 

«\op 
1 Oy , 

H da ' 


Or 

Ua 


r> 


X. “ - 7 T 


op 


(598) 


n oa }' 




Ou- 

Oa 


1 Ou' 


Ya = 'f + -^ip— 15-- 
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By substituting the values of C2»®^» •'i** *^2*» ‘'3** "^1* ^2 

Eq> (3)-(5)i we obtain the basic elasticity relationships of a circular 
anisotropic cylindrical shell 

^ ^ — 1>); 

^»“~T 

Shell rigidity parameters , D^j (1, J"l, 2, 3), Kg are de- 
termined through the elastic constants of the material and the thick- 
ness of the shell by Eq. (6), (7). 

By substituting elasticity relationships (599) In equilibrium Eq. /I 77 
(597), we obtain the following system of differential equations of a 
cylindrical anisotropic shell In movements 

A, I « 4- ^11 y 4- ^isW’4- An*f “ —ft’X; 

^1! ^ ^ 4“ Ajj u' 4 Aj|<}> 4" ~ — /f*K ; 

f'ltit , f>i3V 6g, u’ - (600) 

« 4- f>u v + f>3iw 4- 6„ff A„tj) = 0; 

T ^24 t ^.14 •*-’ 4~ ^44*P 4” ^449 " 

where designations are Introduced for linear differential operators 
In partial derivatives up to the second order: 



*u ^11 dHT + 2Z?,3 + ^13 Tgr : 

^i* = + {Hit 4- Baa) 4- Baa ^ ; 

^4 Big-^ + ffaa-^l 

fijj « ^*1 + 20,3 -Sa^ + Ofi — A',: 

*43 “ 0» 4- (B„ + 

*33=^ ~ (^i^+ 0„); 


(601) 
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(601) 


6.4- 

6* « ~K,H ^ ; 

■■ A(/?; 

6*4 • ^11 ^ A|/**; 

644 •■ On + (On H- /)*) -33^ + On . 

*44 •“ +2D„~^ + On-^—KJi*. 


System of differential Eq. ( 600 ) relative to linear differential 
operators is symmetrical. This property of symmetry of the differ- 
ential equations in movements of isotropic and anisotropic shells was 
noted in [1, 

System of Eq. ( 600 ) can be reduced to one resolving differential /178 
equation of the tenth order relative to stress functions 0 (o, 6), 
through which all quantities whlcn define the stressed and deformed 
states of the shell can be expressed. 

We will consider system of different’. lal Eq. (600) as a complete 
system of algebraic equations relative to movement components u, v, w 
and deformation functions ij/, with constant coefficients . The 

determinant of this system of equations 



*.a 

*!• 

0 

0 


*44 

*44 

0 

*44 

*11 

*44 

*4. 

*44 

*44 

0 

0 

*44 

*44 

*a 

0 

*44 

*44 

*tt 

*44 




(6C2) 


is a differential operator in partial derivatives up to the tenth order, 
with coefficients dependent on Kg. 


We designate the minors of the determinant 
entlal operators In partial derivatives by A 


, which also are dlffer- 
(i, ^-1. 2, 3). 


Thus, for example 


All 




*44 

0 

*44 

^4 

*44 

*44 

*44 

0 

*44 

*44 

*44 



*« 

*44 


*“ ^M^'! 4 ^ 44 ^ 4 » “f" 2ftj, 6*46*1644 — 


(603) 


157 


(603) 


— + 
+ 2A„d„ A^A^i + ^ i(6m “~ ““ ®i»®M* 


^w’ 


®»i 0 ftgj 

*!• 6» ^ 6|* 

0 Afii 6 i 4 644 

® ®n ®a 


■■ ’t" 61464*® 4 » *l" 6116446,4 4 * 


4 - 6146,4 6,464^ 4 * 6146,46,4644— -6„6,86446„ 261,6,464,6^ 

6, 46,46,4644 61,64,64, 


««» 


ha 


6.4 

6 |* 

0 

0 


"44 

6*3 

0 

6jj 


0 6,4 

64* 644 

6*4 644 

64* 644 


“ 61,6,4644644 + 61,6,46,4644- 


^]4 


"IS 

613 

0 


"IS 

6*3 

0 


0 6 


24 


0,3 

6 s, 


■’34 


»34 


0,4 

634 

645 

6,4 


•“ 61,6246,4634 + 6],6, ,644644 4 * 


61,6,2634664 -}- 6i36„6, 4644— 61,6,46,4644 6136246,3644- 

— 6i,6,,6,, 61,6^^6,4644; 

644 6,2 6j)i 0 


»is ' 


• 61,62363,644 -f- 


"23 

613 6,3 633 63, 

0 0 6,1 644 

0 6,4 6,5 644 

-}- 6 1,6266336,4 — 6126246,, - — 6 1,62,6,66,, — 61,6,263,6,4 ■ 
— 6136236246,, 6 i, 6 „ 6366 ,, 


(60i») 


6,j6j66„6,4 — 6,j 6„6„ — 6„6,26,,6„-f-6,36,.6,4-)-6„6„6,4, ( 605 ) 


( 606 ) 


( 607 ) 


and the like. 


We will seek a solution of system of Eq. ( 600 ) In the form of the 
following linear combination of functions P^, P2» P5' 


u — A„P 1 -f- Ai,P 2 - 4 - A13F 3 Ai,P , -t- A15P 

V — Ai,F 1 -}- AjnP 2 4 " ^ 2 *P a "T A,,^ , 4 - AinP 

w =» A],P 1 A„P 2 "f- A33P , -j- A„P , -|- A,!/" 

<p “ Ai,F 1 A24F 2 + A^P , -f- A„P 4 -f A,6F 
^|) = AiiP, -j- A,,^, 4 A^Fj-f A,6P,-|-A66^6- 


(608) 


By substituting Eq. (608) In system of Eq. (600), the latter can 
be reduced to the following canonical form 
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(609) 


A/-, - 
A/*, - 
AF,-fl*Z; 

A/*4 «• AFji — 0. 


Thus, the problem of calculation of a circular cylindrical shell 
was reduced to solution of a nonhomogeneous differential equation In 
partial derivatives of the tenth order. 

If any partial solution of system of Eq. (609) Is designated /180 

^2** ^3** partial solution of system of Eq. (600) can be written 
In the form 


A„/';+A„p;+A„p;, 
t'* -- Aj,P, + A„P* + A„P*; 

=• AiaP , -f" Af,/* , + ^aaf I '< 

v*-a„p;+a„/';+a,./’:: 

'f • — I 4* AjjP j f A,jP , . 


( 610 ) 


For the types of external surface load most frequently encountered 
in engineering practice. It Is simpler to determine a partial solution 
directly from the solution of system of Eq. (600). 

The general edlut ion of system of Eq. (609) equals the sum of 
partial solution (610) or a solution found by another method and a solu- 
tion of the homogeneous equation 

AP-0. (611) 

If It Is set that F^^-P and F2"^3“F']|“F^“0 , the general solution of 
system of Eq. (600) Is presented in the form 


+ A„P; 

V ■= i'* t- A„P; 
w M’* -f ; 
<F =- -i- AuP; 
tj) - + Ai,P. 


(612) 


5^. Equations of Technical Theory of Orthotropic Cylindrical Shell 

The theory of flattened shells developed by V.Z. Vlasov, which is 
used for calculation of strength, stability and vibrations has become 
widespread in engineerlnp; practice [1^]. This theory rests on certain 
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assumptions which permit significant simplification of the differential 
equations of general moment theory. 

Following Vlasov, we will assume 

1. annular Interlayer shearing Y2 depends negligibly on 
annular movements v; 

2. In the equations of equilibrium of annular forces, cutting 
force Q2 can be disregarded. 

Based on these hypotheses, for a circular orthotropic cylindrical 
shell, the principal axes of anisotropy of which coincide with the a, $ /I8I 
coordinate axes (see Fig. 75) » we obtain the equilibrium equations 


Hi 

on 

. dS 

— 

/?.Y; 

-w 

' da 

— 

HY, 

da ^ 

dQt , 

ap 

7',^ 

^HZ\ 

d(;, . 

da ' 

dR 

ap ' 

HQ, 

, » 

ap 

dH ^ 
aa 

HQ 

*• 


(613) 


(614) 


Geometric relationships: 


X, = 


R da • 

J_ £5- 

H da 

Yi = 


\ { dr, \ \ ( du , dv \ ^ 

« ( ' “7 ' “ rt ( du / ’ 


dt 

■5p 

_Li!i 

R ofi 
R da ’ 


X. -- 


2 -/, 


Ya “ 4-' 


<jp 

« V rfp da ) ’ 

1 du- 
7T ■flp’ 


Elasticity relationships: 


T*! 

H.r 

R L 

du 

dii ‘ 

Va( 

> dr , 

^ ap 

T - 


dv , 

tt’H 

l-v — 1 

i 2 

ir[ 


' * aa J 



du . 

dv 



n (■ 

w+ 

ap 

) = 


-A', 

(»p + 

1 

R 

dir \ _ 
~da ) ’ 

Q,- 

~K, 

(4' + 

1 

R 

dw \ 
~df)' 


D, 

R 

/ d<P 
\ da 



(615) 


( 616 ) 
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( 616 ) 


c,- 

//- 



where rigidity parameters B3. D^. D3. K^, are determined 

through elastic constants c . of the material and shell thickness 6 by 
Eq. ( 7 ), ( 27 ). 


firm (613) are Identically satisfied, If stress func- 

tion ♦ (a, e) is introduced In accordance with the expressions 


/I83 


T - . T . c <’*•*» 


( 617 ) 


By substituting Eq. (616) In equilibrium Eq. (6l^<), we obtain 


D 


da* *'* 'dp 





+ C 


a«g> 

da* 


* da 


+ Kt 


d«f 

w 




(618) 

( 619 ) 


tlon 


The last missing equation gives the deformation compatibility condl- 


d*tf d*a d*e, i d*w 
"dp* da d f 'da*' IF ~da* ' 


( 620 ) 


System of Eq. 
entlal equations 


(618) is equivalent to the following system of dlffer- 


m,(<p). 

m,(t|)). 


03A', 

d*w , 

(P,A',-CAr,) 

d*w 

A, A, 

dw 

R* 

da* ‘ 

R* 

da dp* 

R 

da ’ 

P,X, 

d*ie , 

(P,A-,-CX.) 

d»w 

A|A. 

<»u. 

~~W 


R* 

da* dp 

R 



( 621 ) 


where there is Introduced the differential operator In partial derivatives 

0.0. .. (o,g,+o;-c’) 

"**' * H* da* ^ H* da^dpi"^ 


DtDi 6* 


( 0 ,X, 4 -P,Xi) d* 
W~^ da* 


lPj^l±P^t) A. K V 

•jpj- T AiA,. 


R* 


( 622 ) 
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From Eq. (620), with Eq. (617) taken into account, an expression 
for deflection of the shell can be obtained through*:the stress function 





where 

(623) 


A + 

or. In operator form 

(<b), 

and here. 

(62^0 

(625) 

/I 83 

'■'•l ( ) “ X 

(626) 



In this manner, the system of differential equations of the lami- 
nated orthotropic cylindrical shell has the form 


{(p) 

-( 


d^tr 

. 4 . . 


i-rA% 

<)»«• 

A'lA', 

<9u- \ , 

\T / 

\ 

. 

<#( 1 * 

i 


A> 

e»u <#P* 

A 

da / ’ 



f /^jA, 


- 4- 

A, A' 

= -<’A', 

(fill' 

A'lA's 

du' \ 

\ 
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A» 

d(i'^ />fi 

!> 

■^Fr 

( 

At 

H 

<*a* ‘ 

A% 

A 




A'A-j- 

* /»U ' 

"»lp 

+ RZ 


w w, (<I>). 


(627 ) 


System of Eq. (627) can be reduced to one resolving equation rela- 
tive to stress functions 4>(a, B) 

m, (<I>) ^ ^ A , — -f A', TO,m, (d>) -f 

+ (?) + A', (40 + Rffh (Z). (628) 

We represent operator m 2 in the form of the sum of operators 

where ) + A',A., 

, m 2* * ( ) = X 

mfU )=---^x 

X [(/),A, + D,A\)-^ + (/?,A, + D3A,)-|r] • 


(629) 


(630) 
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Consequently, Eq. (628) Is presented In the form 

Tr(^i-£r + 

— Sr ■^) ^***^ 




(‘I’) + 1^ + 1 ck,) -^] 


or, after reduction, 


xm.cn)- 


,„<,') (<l>) + 




where 


«.<3) 


[^‘ "If '^’ ‘'P* ^ 


(631) 


(632) 

(633) 


In developed form, differential Eq. (632) has the form 


A _L A I 

^ 10.0 -^uT +*'*«.2a5r5pr + '*«•* <>aMp* ^ 


(jioa* , , fl"*** 

"f ■ .4 4 — — - -■ 4- .4 


. \ _ 

.« -55^ ■^‘‘'2.8-55T5pr 4>« ; 

/ . c>»«^ , . 5*«l» I A t**4 > 

-^■48.0-5^ + ^4g,2 +*^4.* <>a*, 

. . a*<I' \ . I 


' (jp* 

fl‘0) . 
da* 


+ -^0S t>t,4 dp* ' 


da* 


(63^) 


/18H 
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where the coefficients are determined through the rigidity parameters /I85 
of the shell by the following expressions 


Aio.o^BiDiDiDiKr, 

K + A’l [/^|/^3 {DiDn -j- D 3 — -f- 

+ DtDaiBfBi^ Bi — 4*)]; 

^^ 6.4 ^ A| [BiB3D2D3 4 * B2B3D1D3 4 - (DiD-i 4 “ ^3 — X 
x(fl,52 + fiS-^“)]+A2 [BtBs {DtD 2 + Dl-C^) + 
+ DiD3{BiB2 + Bl-A% 

^ 4,9 “ A2 [^ 1 53^2^3 "i* ^ 2 ® 3 ^l ^3 4 * 

4 - {D{Di-{- D\ — C‘] {BiBz-\- B3 ' — /!')] 4- 
4 " Aj [^ 2^3 (^l^ 2 ~l "^3 — ('") 4 * 1 ^ 2^3 ^BiB^-^ B\ — ^^j]i 
^2.8 » KtBzBiD.Ds 4 - Ao [^2^3 {DiDo 4 D'i-C^) 4- 
+ D 2 D 3 {BiB 2 + Bl~A'^}]i 
^0,t0 B 2 B 3 D 2 D 3 K 2 ', 

•^ 8,0 ^ B{B3D\K\K2B~ 4 " B3D\Ds — ^12); 

^6.2 — KiK^B' [Dj [BiBo-^- B3 — A") -j- 2B 183(0 4-D3)] 4* 
+ B3{BiB2~Bf2){DiD2 + Dl~C^)- 

■^4.4 “ A iK-iB~ \BiB3D2 4* B^BsDi 4 * 

-\-2{C-^D3)iBtB., + B'i-A-)]+B3D2D3(BiB2- fl?2 ): 
.•l2,o = KiK.n^ [D., [BiB3 + Bl-.A^) + 

+ 2 B.B 3 (C + D 3 )]; 
Ao.s^B.BaD.KiKoB--, 

A 20 ■= B 3 \B\B’i — B\ 2 ^ B~ (D| A’2 4" ^3 A’l ); 

Ao 2 = B 3 [BiBi—Bl. I B- (Do A, 4- /^aA'o): 

Aoo = Bs {BtBn — B'i^) K.K^B^-, 

M^BiiBiB. — BiA B\ 


55. Equations of Technical Theory of Orthotropic Shell In Movements 

The equations of the technical theory of a cylindrical shell can 
be presented In movements, as was done in Section 53 for the general 
case of anisotropy. 

For an orthotropic shell, the principal axes of anisotropy of 
which coincide with the coordinate axes, the equations In movements 
can be presented In the form 


/186 
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(636) 


^11 ^11 ^ T "j* ^ 14 ^ *“ — i 

6„ u + 6,1 V + 6., -I- 6,4<p + 6,5't' -- — /i-Y ; 
6|s u -|- 6„ V -f- 63, IV + ftsi<p + 6s,s'|’ B*Z ; 
6,1 u + 6,1 V 4 - 654 w -f- 6 | 4 (f -f- 64 , 1 }) ■= 0 ; 

6 j 4 m + 6,4 + 6s» + ***’1’ — 0* 


Where the linear differential operators are determined by the expres- 
sions 


6 ,.- 

B JL 


d» 

dp* • 


6 „- 

= (/A.+ 

Va • 




H-5, 
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W' 




t 








63, ■= 


-fL + A' - 

|r -B.) ■. 

6,4 

-K,R 

a 

da ' 




-A',/? 

a 

dp = 



644 = 

D 

+ Dj 

d* 

dg*"" 

-K,m, 

64s =* 

{^13 + 

da dp • 


645 ^ 


+ /?3 

d» 

dp* ■ 

-K,R»; 


®IS “ ~ fij 4 “ fl *4 *■ 0 * 


( 637 ) 


If any partial solution of system of Eq. (636) is designated by 
w„, (j)44, the general solution can be presented in the follow- 
ing form: 


u-u.-f A„ 0 >; 
q)=»<p* + A, 4 <I); 

't>-'t>*+Aj 4 <I>, 


( 638 ) 


where (v)“l» 2 , 3 , 5 ) is determined by the expressions /I87 
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A„ ^ ^ - IK, Dl)-h li,D,D,l + 

+ lA'. iBM+ff, {d,d,^d:-c*}] + 

+ K, [B,D,D, + B, (D,D, + )] I -g^ - IK,B,D,D, + 

+ K, lB,D,D, + B, [D,D, + 1 -^V + 

+ B,D, [B^D, + K,K^Rt) ^ + \BMD,D, + D\^C*) + 

+ K,K,B' lfl,0, + 2fi, (C + D,)]\ [B,B,D,D,+ 

+ K,K,B^ \B,D, + 2B, {C -f /),)! l-g^ + B,D,K,K,R* ^ _ 

- B,B,R^ (D,K, + D,K,) (K,D, + K,D,) + 

+ B,B,K,K,R*^; 

A„ AD,D,K, + AlK, [D,D, + D\- C») + A',D^/>,| + 

+ A [K,D,D, + A, {D,D, + D]- C')] + AD,D,K, 

-(B,B,D,D, + AD,K,K,R*)-g^-[B,B, {D,D, + D\^C*) + 

+ 2^ (C + D,) A', A\ff *1 - [B,B,D,D, + AD,K,K,R*) + 

+ B.S,R\K,D, + K,D,) (A',D, + A',/?,) - 5 ^ - 

A» = -B,^B,D,D,^~ [ A„B, [D,D, -f- D\~C') - 
-B,B,D,D,] ^^-(fl,Z?,(Z),D, + A»;-0 + 

+ B,,B,D,D,\ -g^^. + B,B,D,D, + B,,B, (A,D, + K,D,) R* x 

^ -rfa* (®1^S ^1*^1) + — B,tD,)\ -gJJTjpr — 

- /?,/?,«* ( A',D, + K,D,)^~ B,,B,K,K,R^ ^ + 

+ B,B^,K^*^- 


A,,,- -B,,H,D,K,R 


C/U* 


/?,/? 1 A, (/JjD,— B,J)A - /JijCA',) X 


^ + ''=«.» iD,h\~CK,) ^ l<,,II.K,K,n > i - 

t)* 


■B,B,K,K,IP 


(639) 


(640) 


(641) 


( 642 ) 



B,R\KiBiC~KtX 


^i» ■■ (KiC—K^Di) /? 


d* 




X {BfOi /^it^s)! "^^rspr "f' 


d* 


■ BjB^KiKfR^ . 


<6i»3) 


and function 4> Is the solution of the homogeneous differential equation /188 
of the tenth order A^"0. 


The elastic forces and moments are determined by Eq. (6l6). Ten 
random Integration constants (1*1, 10) are determined from 

boundary conditions of the type of (22), (23), of which five are at 
each end of the shell. If a partial solution must be found. In accord- 
ance with Eq. (609), the nonhomogeneous equation has the form 

A«»-R^Z. (644) 

56. A Few Words on Integration of Equations of Technical Theory of 
Orthotropic Cylindrical Shell 

The differential equations obtained In the preceding section can 
be used for solution of various; engineering problems associated with 
the calculation of orthotropic laminated cylindrical shells. 

It is convenient to present the Integrals of resolving homogeneous 
Eq. (644) In the form of trigonometric series by coordinates a or B , 
depending on whether the shell Is open or closed. 

We begin with consideration of a closed cylindrical shell. We 
will seek resolving function In the form 


<I)(a,p)- ^ (<b'„‘^cusn p I. (645) 

AnO 

where coefficients ^ are functions of longitudinal coordinate 

n n 

a alone. 

By substituting Eq. (645) In homogeneous differential Eq. (634), /I 89 

we obtain 

00 

(dj'n^lcosnp-f An(‘I)Jr’|sin«p] -0, (646) 


where differential operator is determined from the expression 
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An - ^ 10.0 •— + ^».o) 4;^ + 

+ (^«.*»** + ^ 6 , 2 '** + ^2o) 4 ^ — 

+ (^2,I”* + -42,|) — fl* (^0.I0»*4-^0.|) <J>. 


( 647 ) 


Coefficients are determined by the geometric dimensions of the 
shell and the elastic constants of the material by Eq. (635). 

In order to satisfy Eq. (646), the solution of ordinary differ- 
ential equation with constant coefficients 

A^(«)-0 (648) 

must be used as functions 

n * n 

After finding resolving function components of movement u, v, 
w and deformation functions i> are determined by Eq. ( 638 ), and the 
elastic forces and moments by Eq. ( 6 I 6 ). 

It Is easy to determine that all the quantities listed are de- 
termined by equations of the type of (646), l.e., they are the sum of 
two states, one of which is symmetrical relative to initial generatrix 
3«0 and the other is skew symmetrical. We agree to call the stressed 
and d.?formed states of the cylindrical shell which are described by 

function symmetrical and the stressed and deformed states des- 

( 2 ) 

crlbed by functions skew symmetrical. 

In the symmetrical state. 


P)-IS‘J*n’(«)cosnp, 

«»o 


(649) 


and, consequently, the following expressions can be obtained: 


00 

u U„(a) cos/I B: 

nssO 

CD 

u-r= V K^„(a)cosn B; 

ns=sO 


CD 

v ^V„(a)sinnp; 

nm: I 
00 

't” 2 '{'n(a)sin n p; 

flaa ! 


( 650 ) 
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(650) 


<J>" Sv»(“)cos«p: ^ •$n(a)8inn 6; 

fIMiO nmm t 

00 00 

7*1 — ]^7'in(a):o9iip; ^ tfM(a)>innB; 

noO nwl 

OD 00 

7*2 * 3r2n(a)co9iip; ^3 - 2) 93n(a)sion (). 


HmO 


fk«a I 

CO 


S ^•n(a)co»nB; 62*" (i3n(a)co8n B; 

n«0 - 


naO 


S^»n(0)C03np. 

A«»0 


In the skew symmetrical stressed, deformed state of the shell, 

«l»(a.p)- l;<l> 5 f’(a) 8 innp. ( 65 I) 

nasi 

and, correspondingly, for the elastic forces, moments and deformations, 
we obtain 


«= T f/„(a)sinn P: y = V |r„(a)cosn p; 

noi| fivO 

00 OD 

ufm. 2 (a) Sinn p; if — 2 cos n p; 


nwl 


nwO 

00 


<P“ 2<Pn(a)sinnp; S= ^ S„(a)coanp, 

nan t n asO 

00 00 

Tt — £ Tin (a) Sinn P: Fz^ 2 ^2n(o)sin^P! 


flwl 

o> 


n«l 

00 


H«^21ff„(a)co8nfi; <r, - 2! ^in(a) sinnp; 

n— 0 nn| 

CD GO 

^2 =* 2 ^in(a)cosnp; Co — 2 ^ 2 n(o) sinnp; 


nmtO 


nsa I 


= 2 ^m(a)sinnp. 


( 652 ) 


The engineering theory form of solution of Eq. (6^5) Is used in /191 
calculation of closed cylindrical shells, since the condition of peri- 
odicity of coordinate B Is automatically fulfilled in this case. The 
ten random Integration constants of Eq. (6H8) are determined from the 
boundary conditions at the curvilinear ends a«0, (Fig. 76). 

It was assumed that the boundary conditions, as In many engineering 
problems, are simple, l.e., of canonical form. In this case, resolving 
Eq. (6il8) can be integrated and the Integration constants found Inde- 
pendently for each harmonic n and separately for the symmetrical and 
skew symmetrical states of the shell. 


169 




Fig. 76. For writing 
down boundary condi- 
tions. 


We now consider another method of Integra- 
tion of resolving Eq. (6M8), which is used In 
calculations of open cylindrical hinge supported 
panels with curvilinear ends o*0, (Pig. 77). 

In this case, the stress function can be 
presented In the form 


where 


CO 

m— I 


w n 
0| 


(653) 

(65^0 



After substitution of Eq. (653) In Eq. 
(6^48), we obtain the fallowing differential 
equation for coefficients of expansion ^jjj(B) 

^0.10 —(-<^3.8 ^m+ ^ + 

+ (^•.2 ^m + '^ e ,2 ^ + '* 02 ) ^ + 

+ ■^8,9 ^ + ^2# ^m + ^oo) 0 (655) 


Fig. 77. Cylindrical 
panel. 


for m*l , 2 , . . . 


The components of deformation, elastic forces and moments can be /192 
obtained In trigonometric series of the type of (653) 


i 4 m(P) 8 inXma; Urn. 21 ^^m(P)COS>.ma; 

”>“• m-0 

o 

«’ ■= i lf'm(P)sill XmO; If, «. 21 ‘Pm(P)C 0 S>.ma; 

• m ca 0 

“ oo 

t 1 'I'm (P) Sia K a; . 9-21 Sm (p) cos Xmo; 

m«| 

f i 2. flm(P)8inXma; H 21 ^m(P)COsXma: 

m=al ,„„p 

m 

7*2 — 2. f2m(P)8inlma; Qi == 21 ^im(P)coslma; 

m n I m = 0 

oo 

Gi - 21 C|m(p)sinXma; Qn^ 2 ^ 2 m(P) 8 in 

ms= I 


mat 1 


Cj - 21 G 2 m(P) 8 in>i,„a. 


m= I 


( 656 ) 
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It l 8 inexpedient to present the expressions for the coefficients 
of expansion because of bulk. 

The boundary conditions at the curvilinear edges of the panel 
a”a<j^ are satisfied. As was done earlier, it can be shown that the bound- 
ary conditions on the rectilinear ends $*+ 83 ^ are satisfied separately 

for each term of the expansion, if the boundary conditions are simple, 
as is the case in the majority of practical problems. 

Methods which use expansions in trigonometric series are widely 
used in engineering practice. They are presented in the monograph of 
A.L. Qol 'denveyzer [ 8 ]. 

Thus, the problem of calculation of closed and open cylindrical 
shells made of la.'ninated orthotropic materials was reduced to solution 
of ordinary tenth order differential equations with constant coefficient-^ , 

Consequently, the diversity of the solutions is determined by the /193 
roots of the characteristic equations 


+ ^»,o) ** + {^6,4'** + ^*,an* 4 * ^1*) **"~M 4 ,*e* + 

+ ^4.4«* + + -4*o) ** T n* + 

+ ^a.e) ^—n*(Ao.t»n* + An,%) — 0; ( 657 ) 

-^0,103^ ~(^a,a 4" ^o,i) * 

*|- ^2,e) ^ (^6.4 ^4" ^^ 4 . 4 ) ** 4'^m 4" 'I*. a 4" 

4-/loa)** — ^m(^l0,0^m4*>l#.0^»i f .^20 ^mi4-'^Oo) “O' (658) 


where coefficients are determined through the geometric dimensions 

of the shell and the elastic constants of the material by Eq. (635). 

It is not expedient to carry out analysis of the roots of Eq. (657) and 
( 658 ) for an orthotropic shell In general form. It Is more efficient 
to study them for specific problems. 

5 7 . Transverse Vibrations of Orthotropic Cylindrical Shell 

As an example, we consider the natural transverse vibrations of 
a laminated cylindrical shell made of an orthotropic material. We will 
assume that the principal axes of anisotropy coincide vrlth the coordi- 
nate axes. 

In dynamic problems of the theory of shells, the components of the 
external load equal the corresponding components of the inertial forces, 
l.e. , 


X 




Z ■« — (j6 


9*w 

"di* 


(659) 
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since the flexural rigidity of a cylindrical shell Is considerably 
less than the rigidity during Its deformation In the mean plane and 
shearing deformations are small* we will disregard the tangential and 
shearing components of the Inertial forces In study of transverse vibra- 
tions. In accordance with Eq. ( 63 ^), the problem of transverse vibra- 
tions of a laminated orthotropic cylindrical shell Is reduced to solu- 
tion of the following differential equation 


+ Az.t -3^^ + i4o.to ■35Ti}j5r+ 




( 660 ) 


where 




ZlM 


(661) 


and coefficients A are determined by Eq, (635). 

^ J 

l,f It is assumed that the natural vibrations of a cylindrical 
shell are harmonic with frequency with hinge support of the ends 

of the shell, the form of the vibrations can be assigned In the form 


where 


on 00 


w(a, |i: 0 = S 2CmSinXmacosnBsinMm„f, 
m-O n-0 


X 


m 


.1 fim 
~1 • 


( 662 ) 

(663) 


By substituting Eq. (662) in differential Eq. ( 66 O), we obtain the 
following expression for determination of the frequency of natural 
transverse Vibrations of an orthotropic cylindrical shell: 


q6 i?' (o?„„ 


^1 (^'">. n) n) ~i' ^3 (^m, n) 

(' »>, n) 1^2 {^'m. n) (^, n)] 


(66H) 


for m, n=l, 2, 3, • . ., where the following designations are introduced 
for polynomials n), (X^j^, ^) 


^1 (Xm, f») *= Xm+ i 4 g ,2 Xmrt + •^ 6,4 Xm ” + 
+ ■^4,6 Xm n ■H^2,8 Xm W +^0,10W ■; 
^2(Xfn, n)— /l 8 ,oXi»+i 4 g,aXTOn +^ 4 , 4 Xmn 4 - 
+ ^2,6 xii« + i 


(665) 
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(665) 


Pf (^m, «) “• (^10 ^0>>)» 

<?, - {Kn . «) - B^B, c + B, + 
+ fi,-^*)Cn*4-i?,i?X; 

Qt (^m. n) == -^^ [BiD, Xw + [DiD, + 

+ D\-C*)>^n* + D,D,n*U 

Qt “ "ir l(^*^i + ^i^i) ^ + 
+ (A', D, + AT, £),)«»]+ if, if,. 


If the shell Is stretched by Internal forces It Is easy 

to show that the frequency of the natural vibrations Increases and that 
the frequency of the natural oscillations decreases under precompres- 
sion. 


We now consider the problem of forced vibrations of a cylindrical 
shell as a result of a radial load which changes harmonically over time 
with frequency (o, l.e., load 


Z(o, B, t)-p(a, 6) sin cot.- 


( 666 ) 


We will consider regular loads p(a, B), which 
the form of the uniformly converging trigonometric 


can be presented In 
series 


where 


oo 00 

P" («, P) “ amnsii) Xn,acosn B, 

f»i I n ~0 
0| 2 n 

amn = ~J l’p(a, P)sinXmCos npdarfp. 

0 b 


(667) 

( 668 ) 


In the presence of perturbing forces, the equation of the trans- 
verse vibrations of an orthotropic cylindrical shell can be presented 
In the form 


A I 1 , . 


, j ^'»u> . aiv / a»u> 


dn* ops 
31V 


3i®«) 
dit* 3p 


f 4- A 


rflOu- 


‘•® 3u«3p* 
3V 


da^ Op* 

0 *U' 


J A I 4 , . 3»UI \ 3* / , 

Oil* op* +^26 7jnvipr + ‘4o.8 aprj-l--5j[r(^>l»o 


3a«0p» ' 
d*w 


da* 




(669) 


We will seek the solution of Eq. (669) In the double trigonometric 
series 

OO 00 


tv 


sin (ot^ ^Cm„siiik„acnsnR. 

m-l n-O 


(670) 
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By substituting this expression In Eq. ( 669 ) » we obtain 


n~0 

c/J* S + ( 671 ) 

m - 1 n - 0 


from which 

IP, + P, + P,- eft P* w* <?, «?, + ^,)1 - Q , «?, + <?,) (i„.„ 


/196 

(672) 


for m, n»l, 2, 3, . . . 


According to Eq. (664), 


Pi + Pt + P, 
(Ji iQt + Q») 


gft P*(o 


I 

nm • 


(673) 


Consequently, the following expression can be obtained for the 
coefficients of expansion 



flmri 




(674) 


for m, n“lj 2,3,... 

Thus, forced transverse vibrations of a laminated orthotropic 
cylindrical shell occur in the form 


w ■= 



sin XmO cos n ^ . 


( 675 ) 


Upon coincidence of forced vibration frequency o) with frequency 

of natural oscillations of some tone co (m, n»l, 2, . . .), resonance 

mn 

vibrations arise. 



We consider fox'ced vibrations of a shell, on 
the assumption that the natural vibrations' disappear. 
The general solution of Eq. ( 669 ) will equal the 
sum of solutions (662), (670), i.e., the sum of the 
natural and forced vibrations 


00 CO 

W = ^ 2 Cmn sinlmacosn p sin(o)„n* — ‘«>o) + 
m-t »-0 


Fig. 78 . Graph of 
beat with period 


mn 


-f sinwt V ^jCmnSinXmacosnp, 

m- ! n— 0 


( 676 ) 
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where (m, n-1, 2^ 3, . • .).ls determined by Eq. (673) and parameters 

C , dJ are determined from the initial conditions, 
mn o 

Thus, for example, if the initial conditions are uniform, l.e., if /197 
w"dw/dt«0 at t"0, the following form of vibration of the shell can be 
obtained 


w 



Aflin sinXMU cosnp. 


(677) 


If the forced vibration frequency is close to the natural vibration 
frequency of some tone (m, n*l, 2, 3, . . .), so called beats occur, 

with oscillation period T"2Tr/(a^ (Pig. 78). 
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CHAPTER 12. CALCULATION OP ORTHOTROPIC CYLINDRICAL SHELL SUBJECTED TO 
LOCALLY DISTRIBUTED AXIAL FORCES 

58 . Initial Hypotheses and Basic Differential Equations 

Many works of domestic and foreign authors [11, 2^<-26] have dealt /198 
with study of the strength of Isotropic cylindrical thells which are 
subjected to locally distributed loads. Among them, the work of V.M. 
Darevskiy should be dlstlnr’'lshed, in which a partial solution of the 
most exact cylindrical shea equations were obtained in Fourier inte- 
grals, and the convergence of the series and characteristics of the 
solution were studied. 

A significant contribution to the development of methods of calcula- 
tion of cylindrical shells for concentrated loads was made by V.Z. 

Vlasov [^-6]. The semimembrane theory of a cylindrical shell he developed 
has been widely tised in engineering practice, and it has shown satis- 
factory correspondence with experimental results. This chapter deals 
with generalization of this theory for laminated orthotropic shells. 

Experimental studies of thin quite long cylindrical shells shows 
a characteristic feature of their deformation, which is that signifi- 
cant annular deformation of the shell occurs compared with deformation 
of the generatrix as a result of concentx-ated radial loads. An orthog- 
onal grid applied to the lateral surface of the shell remains nearly 
orthogonal after deformation but the annular lines, which bend sharply, 
remain almost Incompressible. These characteristics of deformation, 
together with the results of other experimental studies, were the basis 
for the semimembrane theory of a cylindrical shell, two alternate ver- 
sions of which were presented in the works of V.Z. Vlasov, which dif- 
fered from each other in the number of initial simplifying hypotheses. 

With the comparatively low resistance to shearing deformations of /199 
laminated plastics taken into account, since the shear modulus of 
laminated plastics is at least an order of magnitude less than the 
shear modulus of metals, shearing deformations of the mean surface of 
the shell cannot be disregarded, as was done in the last alternate 
version of semimembrane theory. . Some other Simplifying assumptions 
can also be dropped. 

Following V.Z. Vlasov, for the calculation scheme of the cylindrical 
shell in its calculation as a result of locally distributed axial forces, 
we use a three dimensional elastic system consisting of rings which are 
connected together by vanishingly short connecting rods which ensure the 
transmission of axial forces and shearing forces (Fig. 79). 

Each ring in the cross section plane of the shell works both by 
tension or compression and by bending as well as shearing. In: the 
longitudinal direction of the basic calculation scheme, only moment- 
less tangential forces N, S can appear. This calculation scheme cor- 
responds to the assumption of the membrane structure of the shell in 
the axial direction, i.e., the small magnitude of bending moments 

in cross sections and the insignificant effect of torques H. 
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In this manner, according to the hypotheses 
used, the stressed state of a laminated cylindri- 
cal shell subjected to axial Iocs'' ly distributed 
forces Is determined by the following parameters: 

longitudinal normal force N"N (o, 6); 

shearing force S-S (a, B); 

cutting force In axial section Q"Q 

(a, C)i 

annular bending moment G-G (o, B); 
normal annular force T«T (a, B). 

For convenience In writing, we use symbols here which differ some- 
what from the previous symbols for the elastic forces and moments. This 
permits subsequent avoidance of excess piling up of symbols. 

The deformed state of u,he shell also Is described by five functions: 

axial movement u»u (a, B)i 

annular movement v»v (a, B); 

positive shell de^'flectlon toward outer normal w«w (a, B); 

deformation funttioos <t>(a, B)» 3)» which characterize /200 

the interlayer shearing of the laminated shell. 

The equilibrium equations have the form 



Fig. 79. Diagram of 
cylindrical shell for 
semimembrane theory 


d.: , ds 

dr , as 


- 0 - 


0 : 


0 ; 


ap 


^RQ. 


( 678 ) 


We present the elasticity relationships in the form 




(679) 

( 680 ) 
( 681 ) 
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It Is easy to verify that equilibrium equations and elasticity 
relationships (679), (680) are Identically satisfied, If the following 
stress function P«P (a, 0) Is Introduced 



T 




a, d*F . 
/>•(!— v,v,) * ’ 






da* ep» • 


G 


R 


d*F 

da* dfi ■ 


( 682 ) 


We obtain equations for determination of stress functions P (a, 0) 
If we satisfy the last elasticity relationship (68l). By substituting 
the necessary equations (682) In Eq. (68l), the following differential 
equation can be obtained for determination of the stress functions 


d*p d*F 

da* dp* an*«p* 




d*F d*F 

da* * da* dp* 


d* 




where the basic elasticity parameters 



k' 


6g, 

5C„ 



(683) 


(684) 


Eq. '683) is a differential equation in partial derivatives with 
constant coefficients, which depend on elastic parameters g2^ Ic^ 


/ 20 ] 
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2 

and V5 and one geometric parameter c . In the case of a thin Isotropic 

c 2 2 

shell, only two Independent parameters c and v remain, since X ■!, 
k^-0 and Eg/G^g"^ U+v). 

Because of relationships (682), differential Eq. (683) Is satis- 
fied both by stress functions F (a, 6) and any of the ten functions 
which define the stressed and deformed states of a laminated cylindrical 
shell subjected to axial locally distributed loads. 


59 . Integration of Eg. 
ary Conditions 


(683) In Single Trigonometric Series and Bound- 


In the case of a closed cylindrical shell, the solution of Eq. (683) /2 
can be sought In the form of the single trigonometric series 


P) = V/’„(a)cosn p. (685) 

n«0 

Coefflents of expansion (a) are satisfied by the following 
ordinary differential equations with constant coefficients 


where 


da* 


for n- 1 , 2 . 3 , 


( 686 ) 


0 * g«- 2 v.n« ("»-<) . 

.4 

n«+A“n» + f« ■ 


( 687 ) 


The solutions of differential Eq. ( 686 ) are written In V.Z. Vlasov 
functions, which are determined by Eq. (I88) and are satisfied by Eq. 

(189), 


where 


<I), (a) = chs„acosr„a; 03(a) = shs„acosr„o; \ 
O, ^a) -shs„asinr„c^ 04(a) = cbsnasinr„a, / 


1 


Vn + Pn 


r„ = 




■Pn 


( 688 ) 


( 689 ) 


If the elastic constants of a laminated plastic are such that the 
inequality 


Is satisfied, with sufficiently large values of n>>R/6, parameter r^ 
becomes imaginary. In this case, instead of the V.Z. Vlasov functions. 
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hyperbolic functions should be used which are detenblned by the ex- 
pressions 


0 ,(a)-»ch*„achr„a; 63 ( 0 ) - sh*„achr„a; | 

63(a) shtnQ oh TnO; 64 (a) r ch *„a sh r„ a, j (691) 


where 




Sn = 


, -l' 


'"K 


Pn-9*„ 


( 692 ) 


We also represent the components of the stressed and deformed 
states of the shell by the single trigonometric series 

N (a, p)= ^N„{a)co»np; 
n-O 
00 

T (a, P) =■ ^ 5rn{a)cosf»p; 

n-0 
oo 

S{a, p)= 2‘^n(«)8innp; 

n-0 

Q(a, P)- 2^n(a)siiinp; 
n-0 
00 

G (a, P) =3 2 ^n(“) cos« P; 

n-0 
00 

«(a, p)= ^Un(a)cosn P; 

n-0 

CO 

y(a, p) =* 2 ^ n(a) sin n p; 

n-0 

CO 

u’(a, P)=- ir„(a)co.snP; 

n-0 
00 

«P(a, P) = 2 On (a) cos «p; 
n-0 

')■ P) =• S 'i'n (a) sin n p. 

n-0 


(693) 


In accordance with Eq. (682), the coefficients of expansion of 
the elastic forces, moments, movements and deformation functions In 
the trigonometric series are determined by the following expressions 


V„ (a). 


£/n(a) - ^ [v. F: + X* (n*- 1 ) F '„] ; 
|[f*(n*— 1) — V, n‘j K— X* n (n* — 


Bn' 

Etb 


( 69 ^) 
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Wit (a) 


Hn* 
£t ft 


|( 2 rf-»* +v, ( 2 »'-t)l ^;+ 


•I'n (fl) “ ^ It ! 

(2pn^n““®n^n): 


;Vn(a)-n'(«*-l)A-;: 

5„(a)-n*(n*-l)F„*; 

9n(o)™“— n ~^n^n)5 

Cn(a) - — n/? ( 2 p*Fn— 


( 69 ^) 


In accordance with Eq. (688) and relationships (189), we obtain 


Fn (a ) « C, d), (a) + c, 0), (a) + C, <I», (a) + C, 0>, (a); 

Ffl{a) «» Cj (Sr.d>j— ^nd>4)4•^|(*rl.d)4^-^„^I>s) + 

*^* Cf {Sn d>| — r„ d)j) -j- C, (Sn d*j -f- Tn d>i); 

K (a) - c, [fs* -r*„) <j), -2r,s„a»,] + 

+ Cj [sn — ^n) d>| + 2TnSn d>i] -f- Cj [(Sn — fn) d>. 
2fnSnd>jj -]•C^ [(sn — fn) d>4 + 2fn*n *bj] ; 

Fn (o)=f^l [sn (*n — 3f n I ^^3 + fn (fn — 3*n) d^i] "f" 

"t" Cj [sn (*n — 3f n) O 4 — f n (fn~3#n) d> 3 ] -f- 
-f- C 3 [Sn (s-n — 3fn) d>| 4* fn (fn~3Sn) d> 3 ] ■{- 

+ C 4 [sn (*11 — 3fn) d >3 — fn (fn~3Sn) d>j] . 


(695) 


Because of the momentless structure of the shell In the axial di- 
rection at ends a"0, a*a-,, only two boundary conditions each can be 
assigned: 


a. static relative to elastic forces N^. , 

b. kinematic relative to movement U„, V„: 

n * n 

c. or mixed static-kinematic relative to N„, or S^, U . 

n n n * n 

The canonical form of the uniform boundary conditions can be 
written thus: 

a. hinge supported edges, at a»0, V^(0)«0; N^(0)«0i at a»a^, 

V„(o3^)-0; Nj^(ai)-0; 

b. rigidly fastened ends, at a»0, U^(0)»0; V^(0)»0; at o“aj^, 

Un(ai)«0; V^(o^)®0; 


/2M 
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c. unsupported ends, at o"0, N^(0)»0; S^(0)»0; at o»Oj^, 

For convenience In practical use, It Is advisable to express In- 
tegration constants C 2 , C^, by Initial parameters U^(0), Vj^(O), 

Nn(0), S^(0), l.e., by the values of functions V^, N^, at the 

coordinate origin (a"0). After this, the problem of calculation of a 
laminated orthotropic shell subjected to concentrated and locally dis- 
tributed forces Is reduced to the solution of a system of two algebraic 
equations for two unknown Initial functions, since two of them must be 
assigned. 

It Is easy to obtain the following expressions by Eq. (69^): 


where 


t/„ (a) - n» IC, (/, 0), + ft <I>4) + (A <J»4 - ft + 

+ C, (A O, + A **’«) + ^4 (/i - A***!)! ■ 

(a) - nMC, (A, <l>, - K *I>.) + C, (*i + *. *^i) + 

+ C, (A, — A, <b*) + C 4 (Ai <I >4 + A, d)|)l: 

Nn (c) =• >** [(*" — — 2 T|,»ii <I>,] + 

-f-C, [AJi — r*) + 2Tn*n *I>l] +^« [(*n — hi) ®t—-2/’n»n®4] + 

+ C 4 {(*11 — ^ 11 ) d> 4 -f- 2 T||fii®,J I ! 
iS'n(a) “ w* (n* — 1) (Cj [*n(*n — Sr^) ®,4-rn (r„ — Ssn] 04] •+• 
-j-C, [jn (*n — 3rn) O4 — Til (hj — 3*n) 4" 

4" C, [sn (sn~3rn) <b| 4" (^fi~3*n) 4" 

4 -C 4 [«n (»*„-3r*) {r\-3$*n) O,] I . 


A = »ii [v, (si— 3rJ)-j-A*(n*— 1 )]; 

A =“ hi ('■i— 3si) — A* (n*— 1 )]; 

A, - (si — ri) [g* (n* — 1 ) — n* v,] — A* n* (n’ — 1 ) ; 
A, = 2rnS„(g* (n*— l)— n* v,] ; 

>.*n*(fi*-V) L /•*("* — !) 




Vn{0)] ; 


r „ * y 

’ 2).^ s„rnn* (n* — \) ^ 

.>»-!) (.*+r*) -3*n ) Un(0) + 




n* (»i* — 1) 


?n(0)]; 


(697) 


( 698 ) 
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60, Qlrder Analogies and Initial Parametera Method 

Basic differential Eq. (686) of the semimembrane theory of an or- /206 
thotropic laminated cylindrical shell and boundary conditions (696) 
are similar to the corresponding equations and boundary conditions for 
girders lying on a solid elastic base. 

The analogy is that static quantities N_(o) and S_(a) In the bend- 

n n 

Ing theory of girders correspond to the bending moment and cutting force, 
and movement components V^(a)» correspond to the deflection of the 

elastic axis cf the girder and the angle of rotation of an element of 
this axis. The analogy goes still further, namely, at n*0 and r-1, 
differential Eq. (686) of the semimembrane theory changes to a differ- 
ential equation of bending of the girder, l.e.. It describes the de- 
formed state which corresponds to the flat section principle, and mem- 
bers nj2 describe the deformed state which develops as a result of self 
balancing loads, when there Is warping of the cross sections of the 
shell . 


Thus, If a locally distributed axial load applied to the cylln 
drlcal shell in section o*? (Pig. 8o) is represented In the form of 
the trigonometric series 




p 

2nR 


P 

a R 


C08 



On cos R 


P. 


(699) 


the solution which corresponds oo the first two terms n«0 and n*l can 
be found, by considering the shell as a girder with the corresponding 
support fastenings. The term n-Q represents an axlsymmetrlc load uni- /207 
form.ly c.istributed In section a*C. The second term (n«l) represents 
an axial load distributed over section o«5 by the cos B law, l.e., a 
bending moinent applied In this section of the shell. Both of these 
cases of loading apply to the simplest problems of the strength of 
materials . 

The remaining terms of the series a^ cos nB define self balancing 

axial loads applied In section a*^. We will call such self oalanclng 
loads n-th order harmonic forces. They cause deformation of the out- 
line and warping of the cross section of the shell. 

For n)2, the basic forces and generalized movements can be presented 
In the following form Subscript n is omitted for convenience): 
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Fig. 80. Cylindrical 
shell subjected to con- 
centrated axial force. 


iV (a) - (a) N (0) + (a) S (0) + K^.y (a) V (0) + 

+ Ar.,„(o)£/(0)~/ir^^(a~l)a„: 

S (a) » (a)y (0) + K„ (u) S (0) + K^y (a) V (0) + 

4-/r,y(a)t;(0)-iiC,^(a-5)on; 

V (a) - Ky^ (a) N (0) + Ky, (a) S (U) + Kyy (a) V (C) + 
+ K^^(a)U{0)-K^^{a-l)an\ 

U (a) - (a) AT (0) + (a) 5 (0) + iC:;v (a) F + 

+ A'yj;(a)l/(0)~A'y«(a-S)«n. 


In Eq. (700), generalized movements U(o), V(o), U(0), V(0) have 
the dimensionality of forces. These are components of movement mul- 
tiplied by rigidity ptrameter Egfi/R. 

Coefficients Kjjj^(a), Kj^g(o), ...» K^uCo) are effect functions, /208 
which can be determined by the following expressions 


4 


— X*n*(n*— 

* ™ W - iTOtrir It ‘ + 

+ i |X* (»• - 1) + («• + f») v,l «),| ; 

''..I-)- 

- n* V,) + n* (n« - 1 ) (r*- 3*») 1 d), + »!(»* + r')* (g* (n*-l)- 

— n* v,i — 1* f»» («* - 1 ) (I*— 3r*)) O 4 I ! ; 

(") - ®* + •> + 

+ (** + ^*)*v,]a),; 

t“) - I lUr*(»’-l)-»* '■.) X 


(701) 
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*wW- II' l(.* + '’)ll*("’-l)- 

— B v,l |X* (s»— I) -(»• + r»J v,l + X* B» (b* - 1) X 
X IX* -{r*-3i*) V, 1 1 0,+« ((»• + ll* («*- D- 

~B* v,l |X* (B*~ 1) + ( '+ »^) v,l -X*B* (B*- !) X 
X lX*(B*-l)+(i*-3f*) v,l| OtWi 

*„(•)- ® 1 4 w.«.»W ir !(*' 4 r*) ll* (»•-«)-»• si • 

-X*B*(B*-l)(«*-f*)l«P,; 

1 1' i<*‘+ '*)• i«* <"*- *>- 

- «» v,l + X* B* (B»~ 1) (r*-3»*)| a»,-i I(f* + r»)* X 
X |g* (b*— D— B* v,l—X* B* (B*— i) (i*— 3r*)l O 41 1; 

(«) - i f' IC‘ + ^’) I*’ K- *)-»• v.i x 

X I X* (n*— 1) — (»• + '■*) v,| -t- X* B* (b*- 1 ) (X* (B»— 1)~ 
~ (r* — 3s*) v,l 1 » 1 (»i* + r*) (g* (b» — 1 ) - b* v,l x 

X IX* (n*— !) + (** + '■*) V|) — X*b*(b*—1)|X»(b*--1) + 

+ (»*~3^*)v,Jl^^«!l: 

»r >* -TT 1 (•* + '■*)* ''I + ^ 

X |X*(B*- i)» + 2(»*-r*)v,ll a>,; 

- « }X* (B*~ 1) 4- (*• + »^) v,l «l>« 1 : 

lX*(B*-l)(.*-r*) + 

+ (»*+r»)v,l <D,. 


(701) 


where 41 ^^, 4>2, 4>2» Vlasov functions, determined by Eq. (I 88 ) and /209 

which are satisfied by differential Eq. (I 89 ). 

Vlasov function tables are presented in the Appendices. 

Parameters r^^, s^, which are Included in the values of the argu- 
ments and appear during differentiation, are determined by Eq. ( 689 ). 

With a negative value of the argument, functions K^j(a) revert to 

zero. Initial parameters U(0), V(0), N(0), S(0) play the part of inte- 
gration constant, and are determined from the boundary conditions. 

Lamli ated orthotropic cylindrical shells can be dlvldled into three 
classes by the nature of transmission of axial locally distributed 
forces: long shells; medium length shells; short shells. 

We will understand long cylindrical shells to be cylindrical shells 
for which the semimembrane theory presented above is valid, and an axial 
load applied to one end is transmitted uniformly distributed through the 
other end. 
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We classify laminated cylindrical shells, for which semimembrane 
theory remains applicable, but the stressed and deformed states which 
result from axial locally distributed loads depend significantly on the 
boundary conditions at both ends of the shell, as medium length shells. /210 
Finally, we will call short laminated cylindrical sheila to which semi- 
membrane th' „ 0.8 Inapplicable. 

Damping of the stressed and deformed states over the length of a 
laminated cylindrical shell, which results from axial locally distributed 

forces, Is defined by the exponent e and, consequently, the class of 
long cylindrical shells Includes shells In which the following Inequal- 
ity Is satisfied 


L* 


[V 


* ‘ ^ p «* + **»* + «* J 


(702) 


In accordance with Inequality (702), the concept of length of a 
shell is not purely geometrical, but it depends on both the geometric 
dimensions and on the nature of the loading and the elastic properties 
of the material. 

We note that, with Increase in shear modulus G, Increase In annular 
modulus of elasticity E2 and decrease In axial modulus of elasticity E-j^, 

the rate of smoothing out the stressed and deformed states over the 
length of the shell Increases. Interlayer shearing contributes to 
stress concentration* 

The nature of loading of a shell shows up In that, beginning with 
some number n. Inequality (702) is satisfied and, consequently, wUh 
respect to harmonic forces of sufficiently high order, all shells can 
be considered long. This situation Is important in calculations, since 
it permits significant simplification of calculation formulas, beginning 
with a specific harmonic. 

It also follows from this that, compared with the effect of low 
order forces, higher order harmonic forces are damped considerably more 
rapidly along the length of a cylindrical shell, l.e., the transmission 
of axial locally distributed loads Is determined primarily by the first 
terms of the expansion in trigonometric series (n«l, 2, 3, ^). Calcula- 
tions show that harmonic forces up to the fourth order go through a 
shell of elongation L/R%2-3, and that the effect of higher order harmon- 
ic forces Is damped without reaching the other end of the shell. 

The nature of damping of harmonic forces of various orders as a 
result of axial concentrated loads Is shown In Fig. 8I. 

Since the rate of damping of harmonic forces determines the capac- 
ity of the shell to resist the effect of locally distributed axial 
forces, for more efficient design of such systems, it can be recommended 
that shell elastic parameters and g2 be Increased If Its dimensions /211 


186 


c - s 




cannot be decreased. V’tth decrease in 
shell diameter, damping of the stressed 
and deformed states Increases sharply. 

The abovementloned effect of the 
elastic Character’S sties of a shell cor- 
rectly reflects the pattern of transmis- 
sion of axial concentrated forces In 
cylindrical shells. Actually, If a shell 
Is visualized In which elastic parameter 
2 

X ■E 2 /Ej^J^ 0 , namely, a shell consisting of 


longitudinal ribs covered by a thin film. 
It Is clear that stress damping along 
such a shell Is extremely slight, since 
the forces are transmitted along the ribs. 
It Is also follows from this that the Installatlori of reinforcing rings 
Is advisable for cylindrical shells sublected to axial loads which are 
not uniformly distributed over the perimeter. 


Fig. 8l. Nature of damping 
of harmonic forces along 
cylindrical shell. 


^a an example, we consider the calculation of a laminated cylindrical 
shell subjected to an axial load applied to one end. 

6l . Cylindrical Orthotropic Shell Subjected to Axial Locally Distributed 
Forces Applied to End 

Let locally distributed axial forces applied to the upper end act 
on a cylindrical shell made of a laminated orthotropic material. We will 
assume that the principal axes of anisotropy coincide with the coordinate 
axes. We will assume the area over which each force is distributed is 
uniform and determined by central angle y 82). 



Fig. 82 . Cylindrical 
shell subjected to 
locally distributed 
loads . 


Solution of the problem Is reduced to de- 
termination of two Initial parameters from the 
boundary conditions on shell ends a“0, 

For example, let end a«0 where the forces 
are applied be free of connections and end 
be rigidly fastened. 

We expand load P“p,+Pp+p-^ In trigonometric 
series ^ 


P 


p 

H 


P 

.n W 



a„cosn p. 
4 


(703) 


From the boundary conditions for n:^.2, /212 


^n(0)^-On; 5„(0)«0:) 

7^n{a,)-=0; r„(a,) = 0; | (70^4) 
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we determine initial pfcrameters U„(0), and, further, by Eq. (69^)* 

for which n>2, we calculate the coefficients of expansion of the elastic 
forces, moments and deformations. 

The solution for n«0 corresponds to uniform compression oi the 
shall and, consequently. 


A^o(«) 



G,-0. 


(705) 


The n«l case corresponds to bending of the cylindrical shell as a 
bracket, by bending moment M-PR applied to the o«0 end, i.e.. 


A^,(a) « "^cosp; 5, = (?,*■ C, = 0. 


(706) 


Further, by summing the forces, moments and movements in accordance 
with Eq. ( 693 ), we obtain the distribution of the stressed and deformed 
states over the surface of the shell. 


We give the expansion in trigonometric series of the locally dis- 
tributed axial loads most often encountered in engineering practice: 


Type of load 


Trigonometric series P(6) 



/’ . /’ sin n V 

2n/{ ny 

1. 2, 3 


COS n p 



P sin n y 

n H n y 

2. 4. 6 


cosn p 


CO 

P sin n y 

n fl n y 

I. 3. 5 


cosn p 


P 

2nH 


00 

P Sinn Y 

n R n y 

4. B. 12 


cosn 


? 


P VI sinny 

nil ^ ny 
2, e. 10 


cos n p 


00 

P V? 1 

' n R ^ 2 
I. 3, & 


sin n y 
ny 


n.3 "I 

cosnp + ( — 1) “sinnpj 
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In the limit, as obtain an expansion of the system of 

concentrated axial forces in diverging trigonometric series. 


We now consider transmission of an axial load to a cylindrical 
shell through an elastic ring (Pig. 83 ). 



Pig. 83 . Transmission 
of elastic forces to 
cylindrical shell 
through elastic ring. 


Because of low rigidity, it is aovisable 
to make the laminated plastic rings quite mas- 
sive, l.e,, solid. Therefore, we will disre- 
gard warping of the cross section of the ring. 

If the force of interaction of the ring /2lH 
and shell is designated 


? “ fos « B , (707) 

fi 2 ^ 

the ring will be deformed as a result of force 
P-q perpendicular to the plane of the ring 


/* — <7 — (/'n 

tt « 


(708) 


and the shell will be compressed by distributed 
forces q. 


Thus, the deflection of the ring from the 
plane of curvature as a result of periodic 
loading normal to the plane of the ring must 
be determined. Pol lowing Gramme 1* [3], we 
consider a ring with a solid cross section, one 
of the principal axes of which lies in the 
plane of curvature. We will define the position 
of any section of the ring by angle 6 (Pig. 8^7). 

Por a ring, one of the principal axes of 
inertia of the cross section of which lies in 
the plane of curvature, deformation in the plane of the ring and bending 
from the plane of curvature of the ring can be considered Independently. 

The stressed state of the ring in bending from the plane is defined 
by bending moment M, torque H and cutting force Q. The deformed state 
of the ring is determined by deflection w and cross section warp angle 
0. Rotation of an element of the elastic line of the ring around cross 
section radius is connected with the deflection of the ring. 

If p(0) transverse harmonic load cos nP distributed around the 
circumference of the ring, the equilibrium equations have the form 



Pig. 84. Symbols for 
reinforcing ring cal- 
culation . 
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(709) 


do 

dH 

If 


4* .1/ •• 0; 




The elasticity relationships which connect the stressed and de- 
formed states of the ring can be presented in the form 


where C is the torilonal rigidity of the ring; is the rigidity of /215 
the ring in bending from the plane of curvature. 

From Eq. (709) and (710), it is easy to obtain differential equa- 
tions for determination of bending moments M(0) and deflection angles 
4'(6) 


-IF 


■j- M ^ P„Ii"coHn^; 




+ 'l> 


n dS! , nu 

t), ~df"^ c • 


(711) 

(712) 


By integrating differential Eq. (709), (731) and (712), the follow- 
ing expressions can be obtained for the elastic forces, moments, deflec- 
tion angles and deflection of the ring 


M (p) 6’, cos p f c, shi p — Pi 

(B) si„ „ p ^ 

//(p) sill p + c, cos p + -jjJ^J^j<innp+C,fl; 

t|' (P) ^C,cos P + f, sinp-f--^ B ^c\ CDS p 4 C, sin P)-|- 




n*C4-/>, P„/0 . a 

n (n» — 1)2 ” P* 


C Cl), 

ij{^, /? (r, sill p_r, cos p)+i^i^ + c,+ 

, n-C+n, P„lt» „ 

( h, n‘(n2 -1)3 C‘>S«P- 


(713) 


Because of the periodicity of the functions and the conditions 
that the ring be subjected to self balancing harmonic loads, C^«C2“C^“ 

C|^"C^*Cg»0 and, consequently, the elastic forces and deformations of 

the ring are determined by the following equations 
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(71^0 


()(P)»_Z^8iunP; 

,U(P)^-.j^cosnp; 
Pnit* 


//(P) 
'KP)*^ — 
(P) *= 


7T(^1Tr«‘»"P: 

(C + D,) Pnlf a. 

"tb;- (»*-iF®‘’^"P’ 




Transmission of the axial forces to the cylindrical shell through /2l6 
the elastic ring can now be calculated. 

Deflection of the ring for each number nj2 as a result of forces 

P-q 


V 


D, 4- n*C 
CD, 


(Pn-?n) n* 

»*<«'- D* 


cos n p. 


(715) 


Axial movement of the a®0 end of the ring as a result of distributed 
axial load q equals U^(0) cos ng. 

Prom the condition of compatibility of the deformations of tne ring 
and shell 


y„»U^(0) (716) 

the following expression can be obtained for the Initial parameter 


Vn(0) 


D, + n*C 
CD, 


H* 

»* 


{Pn — ?n)« 


(717) 


The remaining Initial parameters are found from the boundary 
conditions : 

on the unsupported a»0 end, S(0)«0, N(0)«*-q^; 
at the fixed end, U(o^)»0, V(aj^)»0. 
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CHAITER 13. SOME PROBLEMS OP SELECTION OF OPTIMUM STRUCTURE OF LAMINATED 
PLASTIC OF CYLINDRICAL SHELL 

62. Initial Hypotheses, Assumptions and Relat lonshlpg 

The extensive use of laminated plastics In the most diverse /217 

fields of the national economy Is explained by the exceptionally 
great diversity of their properties. Laminated plastics can have high 
unit strength, high chemical and biological stability, good electrical 
and sound Insulating qualities, nonmagnetism, radlotrausparency and 
other valuable properLles, which structures of the most diverse tech- 
nical or every day purposes require. 

The technology of produ'.tlon and processing of laminated plastics 
products does not require subsequent extremely laborious mechanical 
working, as a result of which, moreover, there are great losses of 
material. Laminated plastics are easily extruded, molded at low pres- 
sures and cast. Laminated plastics products can be manufactured di- 
rectly In the process of producing the material Itself. The produc- 
tion of reinforced plastics with a given orientation of the reinforcing 
material can be considered the origin of the extensive use of plastics 
as structural materials. 

Cylindrical shells produced by continuous winding of various types 
of reinforcing fillers are laminated elastic anisotropic systems. The 
nature of the anisotropy of the elastic px’operties of a shells depends 
essentially on the mutual placement and orientation of the reinforcing 
I'lller, and it can be easily regulated during manufacture. This new 
property of laminated plastics, controllable anisotropy, favorably dis- 
tinguishes them from traditional building and structural materials. As 
it were, they connect laminated plastics with the structures and, con- /2l8 
sequent ly, this permits the creation of that structure of the material 
which ensures the maximum resistance to given external loads during 
manufacture of the shells. 

Some problems on selection of the optimum structure of fiberglass 
reinforced plastics were considered In Chapter 8, where the performance 
of a shell In the momentless stressed state was considered. 

More complex cases are studied in this chapter, when maximum shell 
rigidity must be ensured [1^4]. 

Since the results obtained below are generally speaking of a qual- 
itative nature, because of difficulties associated with obtaining ini- 
tial data on the elastic characteristics, we will disregard the effects 
of Interlayer shearing on the assumption that they are the same for the 
entire spectrum of elastic systems considered. 

We will assume that the unit layers of which a laminated shell Is 
composed are orthotropic and uniform. We will assume the elastic prop- 
erties of such a layer to be known, for example, from mechanical test- 
ing of strips unwound from the shell after manufacture. 

For brevity, we will call a unit layer of the shell the "fabric," 
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and Its principal directions of anisotropy the warp and woof directions, 
with the understanding that the warp is the principal direction of aniso- 
tropy with the greater modulus of elasticity. The elastic properties 
of the fabric are defined by four Independent parameters: moduli of 

elasticity in the warp and woof directions Eg; shear modulus 0; 

Poisson coefflclencs Vj^Vg* which are connected by the known relation** 
ship 



Fig. 85 . Symbols for de 
termination of elastic 
constants of material. 


If the coordinate axes do not coincide 
with the warp and woof directions of the 
fabric and are rotated relative to them by 
angle (Pig. 85 ), elastic constants Cj^j, 

a^j of the material are determined by Eq. 

(29) and (31). 

In such a coordinate system, the basic 
elasticity relationships which connect the /219 
stressed and deformed states of the shell 
have the form 

Ojt - f, , F* C I, ty iOgy] 

o, ^ fi, r, e„ p, + <•„, (djd,; 

T- r»Pa + r„e, + Ca<.)„ (718) 


Key: a. Woof direction 

b. Warp direction 


or 


e* ' ■ flji Ojt -j- 0|2 Oy -f- A|j t; 
By flj, O* + Oy 4- flif, t; 

iligy = flj, o* -f- OjgOy 4* flj, X. 


(719) 


We note for subsequent 
elastic constants a, a-,-,. 


use 
c- 


13’ 23 * “13 


that , 
* °23* 


according to Eq. (29) and (31), 
in distinction from the remain- 


ing constants, change sign with change in sign of 4>. 


We consider a laminated shell a uniform anisotropic elastic sys- 
tem. Since the elastic properties of the shell are determined by the 
properties of the fabric and their mutual placement and orientation, 
after determination of the elastic properties of the shell through the 
elastic constants of the fabric and winding angle 4>, that orientation 
direction can be selected in which the structure of the laminated 
plastic becomes the optimum. In addition, problems can be solved which 
are connected with the selecclon of the best initial materials for man- 
ufacture of the shells. 


It is evident that, if the shell is wound so that the warp and 
woof directions of adjacent layers either coincide or or mutually or** 
thogonal, the elastic properties of the shell will be orthotropic. 
However, because the principal axes of anisotropy do not coincide with 
the coordinate axes, the elasticity relationships have the form 
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7*1 f fi + Bit ~f~ ^is “*• 

^11 *1 "f" Bft 83 + Btguy, 

S Bi^ Pj Bft ^3 "i" 

C, I j Dll **i — ^it — 2/)|s Xji 

C3 ■» 27)33 H35 

if “™ 7)|3 Kj /)j3 X3 **- 27)33 K3J , 

P| ^iiT* iH* ^if 7’3 4 " ^ 13^1 

(ti a. AitT 1 4- ^337* 3 4- ^ 33 ^; 

CO “ AitT 1 4 * At^r 1 4 - Afg^ . 


(720) 

(721) 

(722) 


If a laminated shell with a sufficiently large number of layers is 
made by cross bias winding of. the reinforcing filler (at angle +^), it 
has an orthotropic structure which is symmetrical relative to tRe gen- /220 
eratrlx, l.e., the principal axes of anisotropy will coincide with the 
coordinate axes. In this case, the elasticity relationships are sim- 
plified, and they take the form 


T , « Bii e, 4- 

7*3 * ®it *1 *l" **' 

S ■=• Bgt co; 

Gi “■ •~~Dii )t| ”“7),3 X,; 

G, •“ — 7)„ X, — Dft ?'-3; 


(723) 

(724) 


where shell rigidity parameters A.., B.., D. . are determined by the 
expressions ^ 




«!/ . 
6 ’ 


Dij — 


(725) 


for 1, J-1, 2, 3, . . . 

Elastic constant , c^j of the material depend on winding angle 
4> and elastic constants E^, G, ^2 of the fabric, and they are 
determined by Eq. (29)-(31). 


The changes in durvature and warping of the mean surface of a 
tapered cylindrical shell are determined by the known expressions 

*** a* • 


>«3 


Xj 


I 6*ib 

JL 

B* Oasp 


(726) 
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63. Differential Equation of Cylindrical Shell Stability 

We obtain the differential equation of stability of a laminated 
cylindrical shell made of an orthotropic material by single thread bias 
winding, l.e., for the generax case of anisotropy when the principal 
axes of anisotropy do not coincide with the coordinate axes. It Is evi- 
dent that the equation of stability of a shell produced by straight 
winding will be a partial case, with 

® 13 "® 23 ’° 13 "° 23 “°* 

We again use the orthogonal a, 0 system of dimensionless coordi- 
nates (Pig. 86) as the curvilinear Gaussian coordinates on the surface 
of the shell. 



tlonal sym'jcls . 


By substituting Eo. (720), (721) In the equa 
♦•Ions of neutral equilibrium of the shell 



(727) 


0a* ' “ 0a 


»*G, 




+ r,R 


r* ) r* i go* ^*‘1’ (7 


! 8 ) 


where S° are components of the elastic 

membrane forces which act on the shell before 
buckling, we obtain 


where 




. g 4. g -liL -f 2g,. — j- 4 - B„ ^ — 
4^ + 0a*% + 2 (C + I>*j) 0^pt + "'*^111 


D 

d 1 /t* **“» . «r» I \ 

^ s» "1“ '^91* “f* 


(729) 


(730) 

(731) 


/22\ 
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We Introduce the following differential operators in second order /222 
partial derivatives 






(732) 


System of Eq. (729) is the ', presented in the following form 




(733) 


System of differential Eq. (733) is equivalent to the following 
system of differential equations 


v ! " - )- («,A. -£^ 

+ * ^ c)a : 




d^ie 




+2(«.A.-«iA,) 




va * 


where 


vl - v.VI- 


■^Vi*'’. 


(73^) 


(735) 


By expanding operator according to Eq. (732), we obtain 


(}« 




+ l^u^n -»!. + 2fl„fi.. -.2/?,,/?, 


+ 2 -3^ + ( B,.fl„ - b;.) ^ 


(T36) 


If the following new differential operator now is introduced 


V»”^ii aa‘ du^dp + 2 (6’ + D„) -}- 

daup^ ' 

differential Eq. (730) can be presented in the form 


(737) 


/223 
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(730) 


v: » + fl’ («,. + »» -If + B„ - 




»*u> 

"ou*" 


rr-^+25* 


0»it' \ 

’5cT3fr / 


By multiplying Eq. (738) by operator the following differential 

equation can be obtained for the etablllty of a laminated cylindrical 
shell made of a single thread bias wound orthotropic material 


where 


vivi"’ -f 


9*u' 

Ou* 





tt 


/?,,//• - 

t9 




(739) 

(7^10) 


Based on Eq. (9) and (725), 
sented In the form 


differential operator 



can be pre- 


V, 



d* 


-2a 


» 


0 * 

a jp 




+ (2flj,4-a„) 


a* 

&a* 


2(*is 


a* 

lalj^ 



(7^1) 


and, consequently, the differential equation of stability of a laminated 
cylindrical shell finally takes the form 


vJ V* + /if* fl 


«7u* 



* tfu’* 



(7ff2) 


li li 

where operators 7 q , V art determined from Eq. (737) and (7^*1), re- 
spectively . 

It appears to be extremely complicated to find an exact solution 
of Eq. (7^2). However, since the magnitude of the critical load of a 
cylindrical shell of medium length depends little on the boundary condi- 
tions, an approximate solution can be selected in the form 


where 


i'7-u>o8in(),o ±«p), 
^ m a /t 


(7fi3) 

(7f*fi) 


Since the loss of stability of a cylindrical shell under external 
pressure and uniform axial compression Is accompanied by the formation 
of a large number of annular waves, Eq. (7^3) approximately satisfies 
the hinge support boundary conditions at a quite large number of points 
(nP«kn ) . 
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By substituting Eq. (7^3) In differential equation of stability /22M 
(7^2), the following general expression, which depends on two arbi- 
trary parameters n can be obtained for determination of the crit- 
ical load: 

-/r* (f ; X* + rjn'-f 25* X n )^y- 
X* + 4D,f X* w + 2 (C -f- 1 ^b)X* e* 4- 4Z)|n X n* -j- + 

• ^7^5) 


6^, Op tlmiun Structure of Laminated Plastic In Cylindrical Shell Operat- 
ing under Uniform External Pressure 

Let a laminated cylindrical shell be subjected to uniform external 
pressure. In this case, on the assumption that and T 2 ®"-pH, 

for determination of the critical pressure, the following calculation 
formulas can be obtained by Eq. (7^5): 

a. shell made by single thread bias winding 

Per" W ("• + TCct] • 

where (n . V) - Ic„ X* + 4e„ X» n + 2 (f„ -f 2c„) X* n* + 

+ 4c„Xn*+eM»*|^; 

<p)-«*|X*~2a„X*ii4-(2«„ + a»)X*n*— 

— 2a„Xn* + a„B* 


(7i<6) 


( 7 ^ 47 ) 


elastic constants depend on bias winding angle 4>; 

b. shell made by cross bias winding 

^cr*ls£r[0i(«-<P)+-5i^(J^]- (7^8) 

wher e 0i (b, <p) ICn ^^+2 (®m + 2c») X* b* + c^b*]; | 

0, (b, 9)-—o„X*+(20|,+<*«i)X*fl*+®u^*' ^ (7^9) 

2 2 

In the event n >>X , the following approximate formula can be 
obtained 


^Ct" • (750) 


In accordance with Eq. (7‘i6), (7^8), selection of the optimum 
structure of the laminated plastic for a given fabric Is reduced to the 
following simple procedure: for each value of winding angle which 
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changes In the 0®<^<90® Interval, the lowest pressure p Is determined /225 
as a function of whole number parameter +n, (m*l). This value de- 
termines the critical external pressure of a cylindrical shell made by 
single thread bias or cross bias winding, l.e.. 



(751) 

It Is evident that the optimum structure 
of the laminated plastic is determined from the 
condition that the critical pressure Is the 
hlghe«ti PK’tPcr'ma* 

The maximum value of function p"p((j») de- 
termines the optimum winding angle and the maxi- 
mum nressure which a cylindrical shell made by 
continuous winding with a given fabric can stand. 


Pig. 87 . Pj^ vs. wind- 
ing angle 41 

Key: a. 



Fig. 88 . Relative 
critical external 
pressure vs. single 
thread bias winding 
angle. 

Key: a. 


As calculations show, over a wide range of 
change of elastic constants E^, E^, G, v, of the 

fabric and geometric dimensions R, 8 ,, 6 of the 
shell, the most stable shells made by cross bias 
winding are, as a rule, shells produced by right 
angle winding (4)«0® and 4"90®). Consequently, 
calculations by Eq. (7^6) will determine the op- 
timum structure of the laminated plastic. It 
should be stated that the optimum winding of 
long cylindrical shells Is straight annular wind- 
ing of the warp, since such shells lose stabil- 
ity In the form of collapse of the cross section 
and, consequently, the maximum annular rigidity 
of th*=> shell must be ensured. 

The results of calculation to determine 
the optimum single thread winding angles for 
some fabric elastic constants and geometric d?_- 
menslons of shells of medium length are present- 
ed in Table 7 and Fig. 88 . 

It Is evident from Table 7 and Fig. 8 u /226 
that the winding angle In manufacture of shells 
by single thread bias winding significantly af- 
fects the critical external uniform pressure. 

The optimum winding angle evidently Is deter- 
mined by the elastic constants of the fabric 
and the geometric dimensions of the shell. 


Thus, for the manufacture of cylindrical 
shells of medium length which operate under 
uniform external pressure, single thread bias 
winding may prove to be more expedient. The explanation of this is that 
single thread bias winding of medium length shells produces anisotropy 
of the laminated plastic which disturbs the symmetrical nature of the 
wave formation and forces It to buckle with wave formation at higher 
pressure. It also follows from this that this conclusion Is only valid 
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for not very long shells. 


Calculation formulas ( 7 ^ 6 ), (7^8) can be used for selection of the 
most nearly optimum fabrics, l,e., fabrics with elastic constants which 
provide the greatest critical pressure. 

TABLE 7. CRITICAL EXTERNAL PRESSURE OF CYLINDRICAL 
SHELL VS. WINDING ANGLE 
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7 
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7 
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5 
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4 
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7 
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7 
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4 
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7 
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65 
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1) 
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Key: a. Curve 1, 2, 3, ^ (Pig. 88) 

65 . Most Stable Laminated Cylindrical Shell under Axial Uniform 
Compression 

Let a cylindrical shell made of laminated plastic be subjected to /227 
uniform axial compression (Fig. 89 ). In this case, we study the ques- 
tion of the selection of the optimum structure of the laminated plastic 
which realizes the greatest carrying capacity of the shell at a given 
weight. Two possible types of elastic property symmetry of the lami- 
nated plastic which correspond t ) single thread bias and cross bias 
winding, should also be considered here. 

According to Eq. (7^5), with T^^-L^-O, T^°--T^, the critical load 

of a laminated cylindrical shell under uniform axial compression Is de- 
termined by the following expression 
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- -fe l«u Vn + 2 (c„ + 2c J n« + 


cr 


-ar 


+ 4c*^ll»-f Cj,»*I + ^ ^ J2«„ + * J X* I»* - 2«u U* + «„II* 


( 752 ) 


where X, n are arbitrary parameters which define the form of wave forma- 
tion upon loss of stability, and a^^j „ (i, J-1, 2, 3) are the elas- 

ticity constants of the laminated plastic, which depend on the elastic 
characteristics of the fabric and winding angle in continuous winding 
with fabrics and which are determined by Eq. (29)-(31). 


According to Eq. (752), for calculation of the critical axial load 
of a laminated cylindrical shell, the following calculation formulas 
can be obtained, which depend only on random wave formation parameter 
U*n/X : 


a. shell made by single thread bias winding 


tT \ /• f., ^ -f 2 («■„ + ft* -f- 4f,i fn . 

{* l)cr“W~ “ r + 


(753) 


b. shell made by cross bias winding 


' r Hi + ( 2 «it + «ii) e* + *11 e* * 


(75^) 



Determination of the critical load by Eq. (753), 
( 75 ^) is again reduced to finding the minimum of the 
right side relative to parameter p for a given wind- 
ing angle <j). 


/?2i 


The maximum critical load determines the optimum 
winding angle and, consequently, the optimum structure 
of the laminated plastic and the upper limit of the 
carrying capacity of the shell which can be reached 
by a change in winding angle. 


It should be noted that, in uniform axial com- 
pression of isotropic cylindrical shells, the criti- 
cal load obtained by linear theory is in poor agree- 
ment with experimental results. For laminated shells, 
the correspondence of experimental data with the re- 
sults of calculation of the critical load by linear theory is more sat- 
isfactory, and the scatter of the experimental data is not so great as 
in the case of thin isotropic shells. 


Fig. 89 . Conven- 
tional symbols. 


Some numerical calculation results . It is known that the elastic 
properties of fiberglass reinforced plastic are determined primarily by 
the properties and orientation of the glass filler. The moduli of elas- 
ticity in the principal directions of anisotropy depend on the number of 
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glass fibers oriented In these directions of anisotropy. Consequently, 
with a given total warp and woof fabric density, the sum of the moduli 
of elasticity In the principal directions of anisotropy £^^+£2 remains 

nearly constant. Based on this. In order to Investigate the effect of 
the shear modulus of the fabric, the Initial cata given In Table 8 were 
selected for comparative calculations. 

TABLE 8. INITIAL DATA 


Bi VupyriM KOMCTinTM 
TNaHH 



b 

BapiMHTy 




I 

It 

III 

IV 

n 

VI 

VII 

VIII 

h/m* 

1.5 


1.5 


1.5 

1.5 

n 

2.25 

Et . J0-‘* h/m* 

3 


3 


3 

3 


2.25 

0 • 10'“ H/M* 

0 1 

0.3 

0.4 

0.5 

o.« 

0.7 

B9 

0.3 

V| 

0.1 

0.1 

0.1 

0.1 

0.1 

0.1 


0.2 

V, 

0.2 

0.2 

0.2 

0.2 

0.2 

0.2 

m 

0.2 


Key: a. Elastic constants of fabric 

b - Variants 

2 

c . n/m 

TABLE 9 . CRITICAL LOAD OF CYLINDRICAL SHELL MADE BY 

CROSS BIAS WINDING 
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BapaiHTu 
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130 
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■m 
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1.91 

1.14 
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1.57 
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1.85 
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1.17 

1.48 


0.90 

1.50 
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1.96 

2.05 

— 

1.62 

25 

1.19 

1.70 

1.84 


2.04 

2.12 

1.38 

1.79 

30 

1.42 

1.87 

1.98 

KViiiB 

2.13 

HUS 

U3 

1.98 

35 

1.72 

2.04 

2.11 


2.21 

2.25 

1.48 

2.17 

40 

2.02 

2.17 



2.26 

2.29 

1.51 

231 

45 

2.17 

221 

2.23 

2.26 

2.28 

2 hW 

1~52 

237 


Key: a. Variant 

The results of calculation to determine the critical load, ob- 
tained by computer, are presented In Table 9- 

For shells made by cross bias winding, critical load vs. winding 
angle is presented In Fig. 90. 

As should have been expected, single thread bias winding extremely /229 
Insignificantly Increases the axial critical load of a cylindrical shell. 
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Fig. 90. Axial critical 
load vs. cross bias wind- 
ing angle. 


The explanation of this is that the most 
nearly optimum ratio of the moduli of elas- 
ticity in the axial and annular directions, 
and the shear modulus which can be obtained 
by change in winding angle and which should 
lead to a significant increase in the crit- 
ical load, is associated with an Increase 
in the degree of freedom, which is express- 
ed by the possibility of the appearance of 
oblique forms of wave formation upon loss 
of stability. This leads to a decrease in 
the critical load. 

It should be noted that the conduct of 
calculations in order to obtain recommenda- 
tions on the most diverse cases of fabric 
elasticity property ratios and geometric 
shell dimensions requires a great amount of /230 
work and is hardly advisable. Evidently, 
it is more reasonable to carry out the 
calculations for given geometric dimensions 
and a limited number of fabrics from which 
the most nearly optimum must be selected, 
i.e., obtaining the greatest critical load 
for the weight of the shell. 


General Eq. (7^5) permits calculation to determine critical loads 
in varlou: types of uniform and simple combined loading of a shell, as 
well as selection of the optimum fabrics ^ It should be stated that tl.o 
form of wave formation depends, in each case, extremely appreciably 
on the nature of anisotropy of the reinforced plastic. Therefore, the 
simplifications usually made with respect to order of magnitude in the 
theory of stability of thin isotropic shells should be made with great 
caution. 


TABLE 10. CRITICAL LOAD OP CYLINDRICAL SHELLS OP 
OPTIMUM AND NONOPTIMUM STRUCTURE VS. SHEAR 
MODULUS OP FABRIC 


^ BaiWTiM 
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I* H/«< 



o.« 

o.s 

o.t 
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0,0 
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OanoaaxoABUi 

1.10 

1.22 

1.C9 

1.65 

1.72 

2.01 

TlepeKpecTBaii 
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2.28 

2.30 

Ilpaiuifi 

0.7 

1.22 

1.41 

1.57 

1.72 

1.86 


Key: a. Winding c. Single thread e. Right angle 

b. n/m^ d. Cross 

The critical axial load of a cylindrical shell of optimum structure 
made by single; thread bias and cross bias windings vs. shear modulus of 
the fabric is presented in Table 10. The critical loads for shells made 
by right angle winding also are presented. 
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The calculation results show that the optimum structure of a lami- 
nated cylindrical shell operating In axial compression Is obtained by 
continuous cross bias winding of full strength fabrics at angle 
It should be noted that the use of nonfull strength fabrics, for example, 
with 1:2 anisotropy, highly Insignificantly reduced the critical load 
of the shell. With more clearly defined anisotropy, a more Intenplve 
decrease In ci’ltlcal load occurs. 

66. Stability of Anisotropic Shells of Rotation as a Result of Uniform 
Pressure ' 

Let a double curvature anisotropic shell be exposed to forces T^^®, 

Tg®, S®. Then, by using the theory of tapered shells, the following 

system of differential equations can be obtained, which describe the /231 
local form of loss of stability 


1 1 (u>) 




a»<|) 



/>, (d’) — 



dtdy ’ 


(755) 


where L^^O, L2O designate differential operators In up to fourth order 
partial derivatives 


. 6* r 0 * , , , 

^i( )*“l2’ 

rf* ■ / I ^ . 

+ 2 (cjf 2 c„) — 4 * gyt t J* 

. 1 1 

+ ( 2 flit + <* 3 a) figt 0 y» 2 a„ + “ii oy* J ' 


(756) 


System of Eq. (755) Is equivalent to the following differential 
equation 

In the case of shells of rotation subjected to external uniform 
pressure , 


T\. 


2 ’ 



(758) 


and, consequently, stability Eq. (757) takes the form 


Eq. 


LiLf (w) + (fri -^r + *1 ['^+ ^ ( 759 ) 

By substituting the solution In the form w"w_ cos (J^x+ny) In 
(759), we obtain ® 



7 — * ^ (**• ”* 


+e„ »l* + 

. i2(k,%.* + ktxf)\ 

+ fl* |«n X« — 2 «m + (2«I, + »„) - 2«I» + *11 *1*1 


(760) 


Instead of arbitrary parameters X, n, we Introduce new parameters 
u, z according to the expressions 

u-X^+n^; uz-k^X^+k^n^. (761) 


It Is easy to show that there are the following Inequalities: 


*,<«<*,, if 

If Ac,<ft,. 


( 762 ) 


By substitution of new parameters u, z for parameters X, n in Eq. 
(760), the following formula can be obtained for determination of the 
critical external pressure 


6 pff . < r “ f r-n «*< *«-*•»)* 1 

6 * 2 - I (*,-*,)• «/,(*) J ’ 


wliere homogeneous quadratic functions 

/i (*) “* ‘-1I (* — Arj)*-f-4cjj I s — Af, I ^ |x — A, 1 * -f- 

+ 2 (^i,+2cj,) |r— A, 1 12 — A*,|>|-‘^C|||z — A, P |z — A, j * + 
-f- e„ (x — A,)*; 

/i {*) •■ "jj (®n (* “*■ Af|)* — 2aj3|z — Ajj* |z — A,j* -j- 
+ (2a,a-}-aa)Iz-A,||*~A,|— 

-2a„|«~A, !T|2 _a-,|T+o„ (,_*,)*) . 


(763) 


asu) 


/232 
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The right side of Eq. (763) has the least value for parameter u at 


u 


F/i (*)/,■) 


and It Is determined by the expression 




TW' 


(765) 


( 766 ) 


At the poles of a shell of rotation, when they are spherical points, 
l.e., when the critical pressure Is determined by the expres- 

sion 


pft* V 3 1 /' fn 4- 4c„ ^ 4- 2 (f|, 2ew) 4fn g,, a* 

2A* ”* V 0„ - 2a« |i + (iiu + fli*) f»* - 2<irj + « n Ji‘ * 


(767) 


consequently, the critical external pressure on a spherical shell Is 
determined exactly by the same expressions as the critical axial load of 
a cylindrical shell. 

In the general case, the critical external pressure Is found by 
Eq. (766), by minimization of the right side relative to parameter z, 
which inequalities (762) satisfy. 
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CHAPTER lil. THREE PLY ORTHOTROPIC PLATES AND SHELLS WITH LIGHT ELASTIC 
FILLERS 


67. Hypothesea and Basic ReiAtlonshlps Used 

Deaplte the fact that three ply etructures with elastic fillers /233 
have a whole set of valuable qualities which are necessary to p*’oducts 
In the most diverse fields of the national economy, their use until 
recently was extremely limited, because of difficulties of high quality 
manufacture which ensured complete reliability of such structures In 
operation. With the appearance and extensive use of synthetic materials 
and reinforced plastics and resins, the possibilities of the development 
of reliable effective three ply structures with light elastic fillers 
Increased sharply. Synthetic cements produced on phenol-formaldehyde 
and epoxy resin bases permit reliable joining of bearing layers with 
honeycomb or foam plastic fillers. More than that. In the manufacture 
of three ply structures. Including metal structures, the cement com- 
pounds are generally speaking the only possible ones. 

In many engineering applications, namely, when great flexural ri- 
gidity Is required, the structure of three ply shells permits elimina- 
tion of the basic structural defect of plastics, comparatively large 
yielding to deformation. Therefore, highly Improved nonmetal three ply 
structures can be produced, especially with the use of fiberglass re- 
inforced plastics. 


The basic types of three ply structures are presented in Fig. 91. 


Polyvinyl chloride, polystyrene or polyurethane foam plastics, 
glass honeycomb plastics, foam plastics, cork and balsa, corrugated or 


hollow thin walled elements and other light elastic materials can be 
used as fillers of three ply plates and shells. 




Three ply plates and shells /23^ 
with fiberglass reinforced plas- 
tic bearing layers are anlso** 

‘tropic. Anisotropy of the elas- 
tic properties also arises In the 
use of asymmetrical honeycomb 
plastics, corrugated fillers or 
other anisotropic materials. 


It should be noted that a 
rigorous solution of problems 
connected with the calculation 
of three ply plates and shells 
Is an extremely complex problem. 
Th' ..efore, to obtain visible 
calculation formulas and calcula- 
tion methods accessible to en- 
gineering analysis, various sim- 
plifying assumptions and hypotheses must be Introduced. Reference to 
modern computers does not change the situation, since the entire spec- 
trum of problems encountered In engineering cannot be specified and 


Fig. 91 . Types of three ply shells 
with elastic fillers: a. foam 

plastic; b. corrugated; c. honeycomb 
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programed beforehand. However, of course, this does not exclude and 
does not reduce the great value of exact methods of calculation. 

The total number of works which deal with the calculation of three 
ply plates and shells Is extremely large. However, orthotropic three 
ply shells have been Investigated less thoroughly. 

We consider thin three ply plates and 
shells with light elastic fillers which are 
symmetrical relative to the mean surfaee of 
the structure (Fig. 92). It Is assumed that 
the materials of which the shells are made are 
orthotropic and that their principal directions /23 
of anisotropy coincide with the coordinate di- 
rections on the surface of the shell. 

In the discussion, we limit ourselves to 
a class of shells In which the loads acting 
on the mean surface are entirely absorbed by 
the bearing layers (Ej^’ 62 <<Ej^ 62 ^) . 

We use the hypothesis of a rectilinear 
element, l.e., we will assume that rectilinear 
elements which are normal before deformation of the mean surface of the 
shell remain rectilinear after deformation but, generally, not the nor- 
mal deformed mean surface. 

According to this hypothesis, the stresses in the bearing layers 
and the filler layer are determined by the following expressions; 

in bearing layers 



Fig. 92. Normal sec- 
tion of three ply 
shell with symbols 
used. 


[®| + ^2*2 + * (♦‘I 

[e2 + V|e|-f2(x2 + v,xt)l,* 
G ((0 + 22x3); 

62 ^2 

In the filler layer, 

a?t ] « [2. + v<2«s2 + 2 (h*, + ; 

[ez + + 2 (xj + )] ; 

t‘«-G‘=*>(o>+22x'3); 


(768) 


(769) 


the subscript " 2 ” means that the corresponding value refers to the 
filler layer. 

If the system of stresses which develops in normal sections of 
the shell is replaced by the statically equivalent system of elastic 
forces and moments and the effect of transverse compression of the fill- 
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er layer la diaregarded, the following basic elasticity relationships 
can be obtained which connect the stressed and deformed states of three 
ply plates and shells 


7*1 ■■ 01 (fj ”4- V|ig); 

S - 0 t« 0 ; 

•• “01 (**i 4" '^i**§)* 


(770) 


where the rigidity parameters of the shell are determined by the ex- 
pression 


0. 


0, = £'A,: 0,-£,6,; 

p ■■■ . p 

jjj . J5 






(771) 


36,(d + 6.) 


A'. 


36, (6+6i) 
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here, 0 i 3 » 033 transverse shear moduli of the filler. 

For separate fillers, 033 understood to be the 

reduced shear moduli which are determined either from some theoretical 
considerations or experimentally. 

Components of the deformed state of a three ply shell Cj^, 
are determined from Eq. (10)-(12). 

Since the system of stresses was reduced to the statically equiv- 
alent system of elastic forces and moments in the mean surface of the 
shell, the equilibrium equations are written In the form of (17), with 
boundary conditions of the canonical type of (23). 

In this manner, all results obtained In the preceding sections for 
the forces and moments of deformation and movements of orthotropic lami- 
nated plates and shells are completely valid for three ply plates and 
shells with light elastic fillers. If the rigidity parameters are In 
accordance with Eq. (771). 

The difference In calculations of three ply shells appears only 
In calculation of the stresses, which are determined by Eq. (768) and 
(769). 

It is easy to see that the results will be valid for three ply 
plates and shells, the bearing layers of which are made of various ma- 
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terlals and have varied thlcknea8» If and the conditions of 

t 1 

elastic symmetry through the shell are satisfied, l.e., If there are the 
relationships 


c-dr-c**?; 


v"--vi; v“-vj. 


(772) 


Because the filler may have extremely low transverse strength, the 
normal transverse stresses must also be determined. The following can 
be obtained for them; 


Of 




(773) 


68 . Bou n dary Condit ions and Estimate of Err or of the Theory As A pplied 
to Three t*ly Plates and Shells 

The random constant c which occur In Integration of the -llfferen- /237 
tlal equations are determined from the boundary conditions. As has 
been noted, five Independent parameters which define the deformed state 
of laminated shells, even 5ii the case of homogeneous canonical boundary 
conditions, Increase the diversity of types of support fastenings to a 
considerable extent. 

For plates, the system of differential equations breaks down Into 
two, one of which describes the planar stretsed state of the plate and 
the other describes the bending of the mean tiurface. The boundary 
conditions are broken down correspondingly. In the case of bending of 
three ply plates, boundary conditions (22) can give the following graph- 
ic static geometric Interpretation: 

DIAGRAMS OP SUPPORT FASTENINGS 

OP THREE PLY PL'ATES 


Boundary 

conditions 

G ^ 0 

U; ar (p V 0 

yf G 0 

uj ■■ C *= ^ ™ 0 


Support Fasten 
Ing diagram 
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^ tae // .OK 0 


Q mmtf» H *“0 



The first type of boundary condition corresponds to an unsupported 
end, the second corresponds to rigid fastening, and the remaining types 
of boundary conditions correspond to various cases of hinge support. 

We now estimate the errors allowed by the Initial hypotheses and /238 
assumptions. 1 It is evident that the hypothesis of the rectilinear 
element does not take into account the bending of the bearing layers 
relative to the mean surface Itself which occurs in transverse shear- 
ing in the filler layer. 

A change of curvature and torsion of the mean surface of the bear- 
ing layers due to shearing of the filler layer are determined by the 
following expressions 


X 


I 


X 


c 


’ £2l. Li2L. 

« / < OQt , 1 \ 

2 V a:, ay Ox 


(77M) 


Consequently, the rectilinear element hypothest-s adopted for the 
entire set of shells are equivalent to disregard of the following 
quantities in the equilibrium equations, compared with cutting forces 


Q 


1» 


Q 


2‘ 


K. Ox* K, dy* ‘*'~S^Wdy ' 
A', dy* A', A, IFtfT • 


( 775 ) 


i.e., in determination of the deformed state of the shell, error 


^In the end effect zones, the errors permitted by the initial assumptions 
will be larger. 
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compared with unity Is committed: 





-ASr-). 


(776) 


where a Is the characteristic plan dlmenalon of the shell. 

In determination of the stressed state, a somewhat larger error Is 
committed, namely, 2 compared with unity; 

(777) 


Since usually 62 / 63 ^^ 10 . 1 - 0.3 In three ply shells, according to the 

rectilinear element hypothesis, the deformed state Is defined with suf- 
ficient accuracy. The error Is determination of the stressed state Is 
somewhat higher. However, as needed, when error (777) Is Indeterminate, /23 
the stress can be refined If the accuracy In determination of the de- 
formed state Is sufficient. 


Refinement of the stresses Is carried out by Eq. (77**), by which 
the bending of the bearing layers due to shear In the filler layer Is 
determined. If a coordinate system In the mean surface of the bearing 
layers Is selected (Fig. 93) and z designates the distance of the fibers 
from the mean surface of the bearing layer, the components of the de- 
formation which originate In the bearing layers due to transverse shear 
In the filler layer are determined by the expressions 



e, «i(xj + v,x*); 
2 2 xj. 


(778) 


Consequently, the maximum additional 
stresses which were disregarded are determined 
by the following expressions 


Fig. 93 . Symbols In 
stressed state refine- 
ment . 


(h, -j- v,xj); 

O 2 mat Ef (x, 4- V,X,)i 

’ G “ Xj. 


(779) 


Finally, If the shell Is such that errors in determination of 
the deformed state are Inadmissible, theories must be used which are 
based on less rigid hypotheses. However, the complexity of solution of 
engineering problems Increases significantly here. 
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It was assvuned In the Initial hypotheses that the effect of trans- 
verse deformations of the filler could be disregarded. It Is easy to 
show that the error of such an assumption has the balue compared 

with unity: 


Co -max 




(780) 


where Is the transverse modulus of elasticity of the filler. 

In accordance with Eq. (780), In the case of very soft fillers, /2^0 
) e., filler which satisfy the condition , the effect 

of transverse deformations must be taken into account. 

69 . Differential Equation of Symmetrical Form of Loss of Stability 

In Chapter 5> solutions of some problems of stability of laminated 
plates were obtained which, with the abovementloned stipulations, are 
valid for three ply plates with an elastic filler. The forms of loss 
of stability which were considered there are characterized by distor- 
tion of the mean plane of the plate, l.e., they are asymmetric relative 
to the mean plane. 

As the calculation formulas obtained show, the critical loads In 
the asymmetric form of loss of stability increase with increase In 
thickness of the filler layer. However, this relationship occurs up to 
a certain thickness, beginning at which a further increase in thickness 
of the filler layer In order to increase the critical load is useless, 
since the possibility of loss of stability in a fundamentally different 
form appears (symmetrical wrinkling of the bearing layers occurs rela- 
tive to the mean plane). The critical load of the symmetrical form of 
loss of stability depends little on filler layer thickness, and such a 
form of Instability is characteristic only of three ply plates and 
shells with elastic fillers, although It is found In laminated structures 
In the form of flaking. 



a o) 



b 


Fig. 9^. Forms of 
loss of stability of 
three ply shells 
with elastic filler: 

a. skew symmetric; 

b. symmetric. 


The forms of loss of stability which can oc- 
cur In three ply plates and shells with light 
elastic fillers are shown in Pig. 9^. 

We obtain the differential equation of the 
symmetrical form of loss of stability by using 
the energy method. The total potential energy 
of the plate is made up of the potential energy 
of bending of the bearing layers, the potential 
energy of the filler and the work of external 
forces, and It Is determined by the following 
expression [133*. 


17 - J* j" (u>x«, iPxv, V}) dx dy, 


(781) 
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where 


/2Hl 




<I> W^y,U\u< ^’V' “’) 
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fiin-:;- (k- ...a 1 A- ‘‘ M"i‘>L ±jlL .,.'•! 


( 782 ) 


here rigidity parameters of the 

bearing layers of the plate j 
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Ej, Is the reduced modulus of normal transverse elasticity of the filler; 


A',. 


a .n - 

It ti 
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(78i^) 


a^j are the elasticity constants of an orthotropic filler as a three 

dimensional body; 5 Is a random parameter proportional to filler layer 
thickness 6„, determinable from the condition of the minimum critical 
load. 


Because the potential energy of the plate has a minimum In the 
equilibrium position, deflection of the bearing layers In symmetrical 
wrinkling w should satisfy the following differential equation: 




‘b«. 


.trJT 
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ou ^ “’V 
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(785) 


By expanding Eq. (785) according to Eq. (782), the following dif- 
ferential equation can be obtained, which describes the symmetrical 
form of loss of stability of three ply plates, l.e., the stability loss /2k2 
phenomenon associated with wrinkling of the bearing layers: 


21^1 
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where, for convenience In practical use, function 0 ^, of random 
parameter C are Introduced: 


<r.a)' = 


U.-I'2H 2E) 


v,a)- 


r«i'‘r 


( 787 ) 


TABLE 11. VALUES OP FUNCTIONS (j)^, 


t 

Tl (l> 

<Ti d) 

Wa (1) 

1 ^ 

7l (t) 
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4 
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.1,100 

0.408 
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The values of functions 4 .^^, 4 ,^ are presented In Table 11, where 
the value of function 4 ' 2 (C) also Is given, which can be determined by 
the expression 


Ta (t) - 1 q>, {D, 


(788) 
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/2H3 


215 



(789) 


S'! (S) «=’ 25, 

Ti (t) * 

70 . Some Problems of Determination of Critical Loads of Symmetrical 
Form of Stability Loss 

As an illustration, we consider some simplest examples of determina- 
tion of critical loads in which symmetrical wrinkling of the bearing 
layers occurs relative to the mean plane. 

Cylindrical wrinkling of bearing layers of three ply strip . Let 
a rectangular three ply piafce w^^h two opposite unsupported ends be 
compressed uniformly by distributed forces in the direction of the 

unsupported ends. It is evident that wrinkling of the bearing layers 
will occur in only one direction (Fig. 95) and, consequently, differ- 
ential equation of stability (786) takes the form 


^(1) 

* tfx* 



A'l 


djt* 



If,* d*u> 


(790) 



With hinge support of ends x*0, 
x«£, the solution can be sought Ir the 
form w-A sin mnx/ll. By substituting 
this solution in Eq. (790), the follow- 
ing expression can be obtained for de- 
termination of the critical load: 


(791) 


Fig. 95 . Stability of three The right side of Eq. (79D will 

ply panels in longitudinal have the smallest value at 
compression . 


m n 
/ 


1 * 


(792) 




Consequently, the critical force is determined by the expression 
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Ti(i)- 


(793) 


Parameter ? is selected from the condition of the minimum of the 
right side of Eq . (793). 
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In the case of soft fillers, when the number of half waves In the 
longitudinal direction is small, it should bo kept in mind that parameter 
5 satisfies condition (792). 

If it turns out that the minimum of the right aide of Eq. (793) 
occurs with a value of parameter ^ which corresponds to m<l, this means 
that only one half wave forms in buckling in the direction of compres- 
sion, l.e., the critical load should be found by the formula 


T 


cr 




a *6, 



•Ti (ft). 


(79^) 


Where parameter ^ again is determined from the condition of the minimum 
of the right side. 

It also is of Interest to obtain calculation formulas for determina- 
tion of the critical force of a three ply strip with a comparat5 vely 
thick filler layer. 

In this case, it should be assumed that ^-*oo and, consequently, ac- 
cording to Eq. (793), 
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Correspondingly, in the case of soft thick fillers, when one half 
wave develops along its length in loss of stability in the direction of 
compression, according to Eq . (79^), the critical load is determined by 
the expression 


'cr 


-71— 
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(796) 


Stability of hinge supported plate during compression in one 
direction . In compression of a rectangular plate in one principal dl 
rection of anisotropy, differential equation of stability (786) takes 
the form 
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Xx 


By substituting the solution in Eq. 
sin ny, where 

1 .T n 

A I * ^ 


(797) in the form w*A sin 


(798) 
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for determination of the critical load, the following expression can be 
obtained: 


cir *• 

+ 2(0',y + 2C>»),>+^,p,(5,, 


(799) 


It Is easy to see that the smallest value of the right side of Eq. 
(799) occurs with the smallest value of parameter n, l.e., when, during 
buckling, one transverse half wave forms n«l, n«v/b. 

For determination of the critical load, the following formula can 
be obtained 


with 


+ 2 ( O'lV + 2Ui") ( x)’ + -^ t. (E) 


fn .1 
(i 


V £\'> \ 




£. 


6,//, 




( 800 ) 

(801) 


Parameter ^ again Is selected from the condition of the minimum of 
the right side of Eq. (800). 

Condition (801) must be kept In mind In the case of soft fillers. 
If It turns out that m<l, the critical load must be determined by Eq. 
(800) with X“Tr/a. 


Axlsymmetrlc wrinkling of bearing layers of three ply cylindrical 
shell In uniform axial compression , we now consider axlsymmetrlc buck- 
ling of the bearing layers of an orthotropic cylindrical shell In uni- 
form axial compression (Fig. 96). 


Because of symmetry, a unit strip of unit width can be considered. 
Because of the curvature and elasticity of the filler, the bearing 
layers are kept from buckling by a double elastic base as It were and, 
consequently, according to Eq. (790), the differential equation of /2^6 
stability can be written In the following form: 
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By substituting the solution In Eq. (802) in the form w=A sin 
mnx/l, the following expression can be obtained for determination of the 
critical load: 
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(803) 
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The smallest value of the right side of Eq. 
(803) occurs with 


m n 


4 / 


r- \ (804) 

and it is determined by the expression 




(805) 


Parameter C in Eq. (805) is determined from 
the condition of the minimum critical force. 


Pig. 96. Stability 
of three ply cylin- 
drical shell in uni- 
form axial compres- 
sion. 


In the case of a cylindrical shell with a 
quite thick filler layer, the critical load is 
determined by the formula 



(806) 


where parameter u is selected from the condition 
of the minimum of the right side or as the posi- 
tive root of the equation 
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ORIGINAL PAGE 18 
or POOR QUALITY 



8.:i2i8*l 

8.73395 

9.01804 

10.00280 

|O,50l;i4 

11.11410 

11.00298 

12.23835 

12.84227 

13.47550 

14.14000 

14Ji;U»()3 

15.50801 

I0.;i34a5 

17.1:«93 

17.98212 

18.80004 

19.79175 

20.7(4049 

21.78.597 

22Ji5577 

2.).97(k54 


20.3!KIO7 
27.07724 
29/Kil44 
.30.45215 
3I.Oi1M(S 
.33.501 c;> 
35.13591 
302)5180 
38.04871 
40.53290 

42.50053 

444)7840 

40.74382 

494)1085 

51.39724 

53.89291 

56.50087 

59.24035 

62.11727 

05.12517 

08.27512 

71.57600 

75.03430 

78.05823 

82.45207 

80.48845 


0.13000 

0,41007 

0.00.508 

0.99221 

7.30104 

7.02,398 

7.95970 

8.30924 

8,07300 

9.05157 

9,44543 

9.85012 

10.28102 

10,72392 

11.18420 

11.002.57 

12.159.58 
12.07550 

1.3,2114i( 

13.76773 

14.34477 

14.94307 

15.. 50473 
10.2(Hi7t 
1()3i7t)»».1 

17. . 507.55 
! 8.284 12 


19.02592 

19,79.378 
20, .588.3.3 
21.41049 
22.2002.1 
23.14.5.39 
24M077 
24.984.38 
25.95212 
20.95090 
27.08128 

29.04350 

30,13784 

.31.31717 

32.42555 

33.C7085 

34M008 

30.10803 

37.40250 

38.7;)2.59 

40XM)504 

41.40270 

42.93)07 

4438708 

45,88321 

47.41130 

48.07055 


4,98003 
5.1.52lhi 
:..;I2884 
5.50837 
5.09118 
53)7’:)5 
0.0( 1128 
0.25810 

0.45230 

0.04877 

0.84114 

73)4604 

7.24713 

7.44K):) 

7.04928 

7J)4W(9 

8.04889 

8.24014 

8,44048 

8.03130 

8.81742 

8,09814 

9.17198 

9.3:)800 

9,49.590 

9.04113 

0,77.‘hK> 

9.89541 

9.99995 

10.08084 

10.15380 

10.10930 

10.22280 

10.21372 

10.17771 

10.10870 

10.00345 

0.8.5854 

0,00907 

9.43405 

0.14207 

8.80110 

8.30067 

7.9243) 

7.38001 

0.75700 

0.04894 

0.24902 

4A5008 


0,4(H)3) 

*1.93)28 


«,« 

o.s 1 

IMl 

3.47701 

1.73005 

— 0.1.W.50 

.3..52217 

1 ,0:)070 

-O.:(07.55 

:i,r.0225 

1 .52778 

-0.02135 

.3.59555 

1. .120 19 

-0,89947 

3,02108 

1.2.51018 

-1.20.3:55 

:i.o:i982 

1.09831 

-1..5.)490 

:i.04881t 

0.91020 

-1.89502 

3.04812 

0.71219 

-22»7;i7 

.4.(Ut028 

.3.01220 

0.48441 

0.23122 

-2.71210 
- ;).17174 

3..547S7 

-0,(>4010 

-3.0(5827 

:i.52283 

-035877 

- 4.20:588 

:i.45464 

- 0.09971 


3.:)0898 

— l,07:*'.ii» 

-.5.40113 

.3.20401 

-1.18425 

—0.0074.3 

3.01301 

-1.93244 

-0,7821:5 

2.08988 

-2.42151 

-7..5470'.» 

2.05115 

-2.95411 

-8.:5(5(5('.2 

HiilTnnl 

- 3.5320;i 

-0,24202 


-l.KWHiO 

-10,17(541 


-4.84088 

-11.17270 

13,3480 

-.5.57084 

-12.23:)(58 

l.;>0480 

- 0..37109 

-13..30202 

l.i:i531 

- 7.22934 

-142502(50 

0,72379 

--8.15.3‘23 

-15.8,)r>78 

0.20088 

- 9.14705 

-17.18823 

- 0,2.3899 

- io.2io;to 

-18.02054 

-0,79740 

-11.30432 

-20.1.3082 

-i.4iiai 

-12..595IO 

-21.74072 

--2,08(34 

I.I.91 4.17 

23,4.35(10 

-2.820,)7 

-15..I2029 

-25.22.509 

-3,03489 

-10,8.3708 

-27.11242 

-4,51840 

-18.45.585 

-29.10072 

-.5,47874 

-20.17:187 

-.31.19580 

-0,52477 

-22.01142 

-33.39873 

-7,06079 

-23.97053 

-35.71425 

-8.89271 

-20,0.5041 

-:)3.14558 

-10,22721 

-28.27052 

-40.09591 

-11.07090 

~.30.0:t088 

— 43..30920 

-i:i.23070 

-33.1 4555 

-40.1088(5 

-14.91400 

-35, .3079 4 

-49.09825 

-10.72984 

-;«.0.3308 

-52.15940 

-18,08502 

-41.02849 

-.55.35(588 

—20,78880 

-4 4. 81^3;) 1 

-.58.09229 

~2:).01831 

—48.1030:) 

-02.1(5807 

-25,47910 

-51,71910 

-05.78787 

—28.08070 

-55.47889 

-(59255404 

-30,88247 

-59.452.30 

-73,4:2258 

-.33.87777 

-63,047:K) 

-77.52139 

-37.08iK)9 

-08,07572 

-81.74089 

-40.51.580 

-72.74439 

-8(5.10097 

-44.09400 

-77.(50750 

—90,6180:5 

-48.10.501 

-82..H.5097 

-95.28195 

-52.29021 

—88.3080(5 

-100,09077 


-1,99423 
-2.34.525 
-2.72:i8:i 
-3.13150 
— 3..'>0904 

- 4.03W 0 
— :r.4:i58 
~5.(i8260 

-5,05827 

-0,27241 

-0,92(2)0 

- 7,0221.5 
-8..30114 
-9.145.32 
-<!.,(7597 

-10,8.5519 

-11,78403 

-12.7W88 

-13.97270 
-14.88737 
-10.03200 
-17.23481 
-18.49020 
-19.81.351 
—2 1.20 135 
-22.0474(i 
-24.15050 

-2:>, 73030 

-27, .30852 
29,07209 
-30.84071 
-.32.07.5.31 
-34.58.377 
-30.53787 
-38,50435 
-40.65418 
-42.80;)89 
-45.01232 

-47,27000 

-49..59440 

-51.90047 

-54.37392 

-50,82005 

-5931508 

-01.83.307 

-04.37441 

-00.93)88 

-09.49-465 

-72.05414 

-74.00239 

-77.12430 

-79.0120(1 

-82,04771 

-81.42003 


• .3.71271 
-4.1.5:101 
-4.02100 

5,1 1 '.mo 

- 5,047m» 

- 0.207.58 

- 0.79918 
-7.42,179 

- 8.08225 
-8.77497 

- 9..50295 
• 10.20000 
-ii,(Mio;io 

11.90202 
-1 2.77,5.5.1 
-1:1,08.545 

1 4.0:1202 

- 1.5.01524 

-10.0:140 s 
-17.08978 
-18,7 7 WO 
-l9.SK):i:t:i 
-20.84004 

• 22,24(>:i9 
-23,402.51 

24.70:>07 

- 25,97289 

-27,201.53 

- -28..5('bS.50 

!9',i;: 

-31,22141 

-32,.5.5825 

-34.25022 

-35.22798 

-:ttl..54802 

-37.84981 

-39.12572 

-40,30080 

- 41. .50483 
-42.70945 

-4:).71KH)7 
-44.79018 
-45.71.527 
-40,5;):i74 
-47.23740 
-47.81111 
—48,31 108 
-48,50059 

-48.59207 
-48.47001 
-48.i:)9.32 
—47.50003 
-40.714.80 
— 45..j7870 


- 5.17188 
.5,(C.9.80 

- (;.li’2t(5 
--0.709(HI 
■ 7.270.50 
-7,8.5077 
-8,40720 
- -9,10187 

- 9.7.5992 

- 10.44120 

- 1 1.1 4 420 
-11.80808 

12.01:1:19 

- 13..l7.5:t,5 
-14,15447 

- 14,9 4879 
15,7.5.5:15 

-10..57210 

- |7.:U'.59.3 
-18.2241.5 
-19.0.5244 

- 19.8778:1 

- 20.09.5:19 

- 21, .50003 
22.288:12 

- 2:1.0.5.122 

-23.78840 

-24.48893 

- 25.1 4.599 
;',5.7,5 100 

-20,1422.5 

-20.78225 

-27,19:18.5 

-27..50,19:t 

-27.72.13I 

-273.3.514 

-27.82570 

-27,68:108 

-27,:i94 4l 
—20,94.500 
—20.31905 
-2.5..W4:i5 
-24.48085 

-2:1.2:14:10 

-21.74.5.10 

-19,990.50 

—17.90905 

-15.04;)4(i 

-12.99799 
-10.01227 
-0.000-42 
-2.93489 
1.201.5,5 
5,70 7.SS ' 















Appendix 1 continued 


V“l' f 

P 


0.1 

1 0.3 

1 0,3 

0.4 

0,3 

1 0,0 

0.7 


0.0 

SM 

90.50009 

51.61283 


-56.750(W 

- 94.04025 

-105485010 

-86.70939 

-44.12764 

10,786.55 

5.40 

»(..053t9 

52.17881 


-61.51903 

-1004)8540 

-110.16965 

-88.90203 

-42.33377 

16.:»N2.5ti 

5.45 

04,51902 

.5.1.82515 


-66.59450 

-106.42598 

-113.42:141 

-90.06822 

-40.16782 

2227769 

5.50 

mmtz 

55.49700 

-9,68017 

-724)0180 

-113.08626 

-120411621 

-92.91108 

-;i7.6012l 

27.57979 

5.55 

1003047 

57,18.560 

-12,73919 

-77.74.556 

-120.05192 

-126..12419 

-94.67071 

-:14 .19745 

:i.5.H60i0 

5.U0 

114.56230 

58.91040 

-14.7.3709 

-8:1,88201 

-127.402:12 

-1:12.002.14 

-90.27717 

-31.14003 

43,.50:i.''K) 

5.65 

120.05403 

60,164.15 

-174W923 

-90.3944:1 

- l;i.5.08i:i4 

-1:17,358.54 

-97.6.531/ 

-27.17860 

52.1.5811 

5.70 

125J0064 

62,40272 

— »).73416 

-97,31680 

- 14:1.12770 

-14.1.68061 

-98,80.308 

-22.68429 

W).6/18(H) 

5.75 

131.83259 

04.17252 

-24.12851 

-lai, 670.54 

-151,54511 

-149.68.508 

-99418114 

-17.61812 

70.10112 1 

5.80 

138.14248 

6.5.951.52 

-2731148 

-112,47794 

-160.;i.55'10 

-155.78.191 

-100.26170 

-11, 94.5. 39 

80.278.39 

5.85 

144.74585 

67.73731 

-31.79999 

-120.76217 

- 169..55943 

-101,911882 

-100.50782 

-.5.62117 

91.13242 

5.00 

15l4Mi326 

69.525.56 

—36.11890 

-129.55094 

-179.17998 

-168.22513 

-I00.;«970 

1,;188'.‘H 

102.69, S.58 

5.95 

158.02101 

71,113.17 

-40.78.558 

-i;i9,82915 

-189,218.54 

-174 ..547 1. 5 

-09,86289 

9 . 1:1147 

ll5.;i9.HrM4 

6.00 

166.48300 

73.09.168 

-4582979 

-148,74:109 

- 199.69647 

-180.89052 

-98,80.112 

17.6.5012 

128,02690 

6.05 

17441745 

748«K)C1 

-61.27131 

- 159.202.11 

-210.61570 

-187.20.190 

- 97 . 4 : 120 ,! 

26.9:16.16 

142.88148 

6.10 

182.72458 

76.60990 

-57.13919 

-170.27840 

-221.99.593 

-19:1.6,1923 

— 95.4:«1.34 

:17.19I41 

1.56.40.324 

6,15 

10141568 

78..33241 

-6:1.4.5994 

-181,918176 

-2:i;i.8.'t7i4 

-11K).99;124 

-92.8.5.568 

48.:i2il67 

171, r66'l5 

0.20 

200,52012 

80.92277 

—70.26.384 

-194.39276 

-246.16366 

-206.29763 

-89.64 128 

6fl.;W4 18 

187.; 9280 

(1.25 

2104)4462 

81.67021 

-77.5.8048 

-207,.50117 

-2.58.968.50 

— 212..5.11IO 

—8.5.7.3602 

7.1.47(K),l 

204.90071 

6.;t(» 

2204)1596 

h;1.27077 

—85,41634 

-221.3.5561 

-272.27.598 

— 218.6.VH.I7 

-8l.0870;i 

87.61617 

222,6816.5 

6.35 

230.74236 

84.92843 

-94.01 .5-4!t 

- 2.16.29696 

-286.15174 

— 22i.9.US4«) 

-7.5.72658 

10;i.(MMi60 

2 41.57928 

6.40 

241. .38666 

86.28648 

-402.96777 

- 251.46.525 

- :«Hl.4287 i 

--2.10.48;148 

— 09..10725 

119.29996 

260.6.8616 

6,45 

2.53.11772 

87,7798,1 

-- 1I2.82'.8)1 

268.10ti68 

- ,11.5.6,5198 

- 2.16..37709 

-62,11614 

i;i;, 09.580 

281,22.161 

6..50 

264.75337 

88 96289 

-123,11131 

- 284.97725 

a:io.6io,i7 

-241.42363 

-53.77017 

155.81643 

;101 .85191 

6,55 

277.611.52 

90.26295 

-1.14.44101 

~.30;i, 51245 

- 346,944.39 

-246.78.524 

- 44.47161 

176,24467 

.324.00816 

6.(H) 

200.35940 

91.18137 

-146.24010 

-:i22.27:i67 

-.162.94656 

-251.17514 

-33,01000 

197,601 :io 

346.116,5.1 


222 












Appendix 2 
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20.4,1204 

47.01280 

57,;8207 

54,09280 

40.09220 

10.01.5:13 

-10..54092 

- :i5,;io:i35 

~. 52 ,. 1549.1 


4.80 

28.05744 

40.7734:1 

00,24044 

57,092511 

41,04049 

1,5,71:1.58 

— 1:1,10.533 

-39,0082 4 

-.5(1.14101 


4.85 

29,77811 

52.68011 

0;i, 44.551 

59.50!Mi:i 

41,9.5315 

14.00(02 

-10,01:124 

—42.994:10 

( 10 . 0.582 7 


4,00 

31.00108 

55,7C(KH» 

00.80050 

02,12504 

42.82400 

1.3.44 497 

-19.10081 

— 47M.4709 

-04,0(10,8,3 


4,05 

33.53285 

50.01021 

70,3:1054 

04.70305 

4:1.0404:1 

12,05342 

-22.4338:1 

— 5l„5;l.5(i8 

-08,20434 


5,00 

35,57848 

02.4454,5 

74.02:1(3 

07 ,-47911 

44.41243 

10.47251 

-20.03137 

—.50.10209 

—72,54245 


5.05 

37.74;i;i9 

0030407 

77,80192 

70.2740:1 

4.5,1118.5 

8,08709 

- 39,13528 

-01. 0.1382 

—70,92302 


5.10 

40,037.59 

69,88405 

81.94.59,1 ' 

73.1.5075 

45,73757 

0.(iS4l4 

- 34.07020 

-00.1.5413 

-81.40054 


5.15 

42.40527 

V3.91524 

80.1.S840 

70.10000 

40,27788 

4,44o:io 

-:18..5:1973 

-71. .52785 

—8.5.95998 


5.20 

45 ,u;t 005 

78,10097 

90.o;i;i44 

79.1:1952 

40,724:14 

1.9.V>89 

-4.3..328I0 

— 77.1.5810 

-13..59I75 


5.25 

47,75722 

82.05277 

9.5.28:35 

82,25102 

47,00:i54 

-0.80 1:15 

-48.41304 

-8.3.04910 

—9.5.27(12.3 


5,50 

50,03930 

87,38500 

100.1.5287 

85,4.1977 

47.28:107 

—;i.S 10.50 

-53,92099 

- 89.2(318 

-100.004112 
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P 


0,1 

0,2 

O.S 

0,4 

0.!i 

0 ,< 

0.7 

0 ,« 

0,9 

5.35 

53,68948 

0237488 

105.243.34 

88.70284 

47,37108 

-7.19770 

-59.7.5513 

-95.61516 

-104.751.5,5 

540 

56.01811 

07,63780 

110.57152 

92,03831 

47,31330 

-1037681 

-05,97160 

-102.29185 

— 109..502I0 

5,45 

60.33435 

103.18700 

116.14032 

05.44425 

47.00250 

-14.00262 

—72,57909 

— l09,229Trf) 

■*“ 1 1 

5.50 

63,05008 

10933777 

121.06.506 

98.918.17 

46.69.534 

-19..10040 

— 79,6ai28 

—116.42637 

—118.91003 

5,55 

67.76486 

115.18706 

12832845 

102.43947 

46.09436 

-24.21423 

-87.0.l5ia 

— 123,85921 

— 12.1,49784 

5.60 

71.82488 

121.70706 

134.40917 

10635187 

45.29.569 

-29.29840 

-04.94125 

— 131..58047 

—128.02296 

5.65 

76.10710 

128,55061 

14135011 

109.702.12 

44..5.'(431 

-34.94838 

-103.28721 

-l;i9,. 52487 

—132, .191 91 

5.70 

80.63981 

135.78146 

147.99038 

11.1.40.151 

42.9.5IH)8 

-41,0678.1 

—112,11090 

— 1 47,70341 

-136..592H9 

5.75 

85.43245 

143..39178 

1.55.2.(061 

117.14874 

4 1.. '18.56 1 

-47.08.520 

—121.42011 

—1.56,10,564 

-- 140.66144 

5.80 

00.50621 

151.41070 

162.70293 

120,02873 

39.51245 

-5432855 

-131.20694 

-164,6.5584 

— 144,. 127.16 

5.65 

05.87047 

15035935 

170,67927 

124.73804 

37.31064 

-62.52528 

-141.50516 

— 173,528;(5 

-147.77376 

5.90 

101,54688 

1(3.7.5001 

178.90985 

128,56808 

.14.75.548 

-7030807 

-152.43166 

-182.51462 

—1.50,88572 

5.05 

107.54760 

1 ?.’».! 3375 

187.49164 

132.4(32;( 

31.81720 

—79.70995 

-16334076 

-191.60148 

-1.53,(')0215 

6.00 

113.^41 

18830704 

196,44078 

136,25085 

28,46611 

-89.26.120 

-175,81132 

—200,94105 

— 1.55.87778 

6.05 

120.60993 

198,40542 

205,7((382 

140.08107 

24.66655 

-99.50171 

— 188.34540 

— 2IO,;(;(.[66 

— 1.57,64792 

6.10 

127.70991 

20935357 

215.70485 

14.1.88704 

20,38918 

-110,46182 

-201.46854 

—21930676 

—1.58,8.5069 

6.15 

135.09903 

22038173 

225,60174 

147,65368 

1.5..594.‘(0 

-122.17877 

-21.5.17741 

-229,32805 

— I.5!),4.14!I4 

6.20 

143,15«]m; 

2;»31706 

2.16,14356 

1.51.:M)574 

10.24429 

-l:i4, 69104 

-229.48896 

-2;i8,86109 

— 1.59,31874 

6.25 

151.54263 

245,79282 

247,11376 

1.5.5,0081.5 

4.21Mi9.1 

-148,0;1825 

-24 i. 404.54 

--2'.8„'Mi736 

— 1. '3, 42968 

6.30 

16041509 

25034161 

258.53166 

158.56081 

-2,28993 

-162,26119 

-259.93321 

-257,80393 

—1.56.69.56.5 

6,35 

170.01148 

273.74600 

270.7538.1 

162,21269 

-9..57294 

-177.01825 

-276,42.59/' 

-204.1W020 

-154,22759 

6.40 

170.72337 

28830975 

282.78142 

16.5.32624 

-17„56606 

—193, .50657 

— 292.85;{0n 

-276.28706 

— 1.50.;t6.'l33 

6.45 

10043458 

304.35324 

290,07.120 

168.68285 

-26,:(8905 

-210,8.5911 

—310,60286 

— 28.5..5.5051 

— 145.7.5911 

6,50 

201.26899 

320,45266 

308,94.513 

171.44064 

-35,98424 

-2?8.73275 

-;i28.19493 

— 292310;(5 

—139.60024 

6.5.5 

21.3.24250 

:t:W.22080 

.123.2(M32 

174,42085 

-46..56147 

-248,27300 

-;t47,2l743 

- .102,4.5.527 

— i;t2,4',KI76 

6.60 

225»)5119 

356.051.36 

337,20348 

176,72156 

-57.08074 

—208.33229 

—365.98986 

—309,91302 

— 12,1.676.'!2 
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